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Abstract

We study estimation of the mean of an ar-
bitrary Borel probability distribution on R?,
assuming only that its covariance ¥ is finite.
For every fixed dimension d, we construct
a Borel measurable estimator that may de-
pend on the target confidence level. Its Eu-
clidean error matches the Gaussian sample-
mean benchmark up to a relative factor 1 +
o(1) in the high-confidence regime. Writing
L = log(1/4) and letting Qs(X) denote the
upper d-quantile of || Z|| for Z ~ N(0,3), we
prove

]P’{ 1= pll >

[1+od<loiL + i)] Qf(fnz)} <6

whenever L is sufficiently large and L/n is
sufficiently small. The guarantee holds uni-
formly over all distributions with finite co-
variance, including those whose covariance %
is singular or arbitrarily ill-conditioned, and
the estimator requires no knowledge of X.
For Gaussian observations, Qs(X)/+/n is the
exact confidence radius of the sample mean,
and a lower bound based on two Gaussian lo-
cation models shows that this benchmark is
optimal to first order. Our estimator is com-
putable in polynomial time for every fixed d,
using n2@") arithmetic operations and com-
parisons.

1 INTRODUCTION

Estimating the mean of a distribution from indepen-
dent observations is one of the fundamental problems
in statistics. Suppose that n independent observations
are drawn from a distribution with finite covariance
matrix 3. The sample mean has covariance ¥./n, but
its tails can be much heavier than in the Gaussian
case, because a few extreme observations may domi-
nate the average. Robust mean estimators overcome
this difficulty and achieve deviation bounds with opti-
mal dependence on sample size, confidence level, and
covariance, up to universal constants, without assump-
tions beyond finite covariance [25] 27]. This leads to
a sharper question: wunder the sole assumption of fi-
nite covariance, can a robust mean estimator match
the leading constant in the Gaussian confidence radius,
or s a strictly larger constant unavoidable in the pres-
ence of heavy tails?

Let Xi,...,X,, be independent observations from a
distribution on R¢ with mean p and covariance ma-
trix ¥ = 0, and let § € (0,1) be the target failure
probability. We take the Gaussian confidence radius
associated with ¥ as our benchmark and define

Q5(2) :=inf {r > 0: Pzon(ox)(1Z] > 7) <4}

If the observations are Gaussian, then the sample mean
X, =13 | X, satisfies /n(X,,—p) ~ N(0,%), and
hence has Euclidean confidence radius Qs(X)/y/n. We
ask whether, without knowing >, one can construct a
robust estimator that attains this Gaussian benchmark
to first relative order uniformly over distributions with

finite covariance.

We study this question in an asymptotic regime where
the dimension d is fixed, while L := log(1/d) — oo
and L/n — 0. Thus the confidence level tends to
one, while the logarithmic confidence parameter re-
mains small relative to the sample size. The uniformity
over distributions is essential: both the underlying dis-
tribution and its covariance matrix may vary with n
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ning and §. Consequently, pointwise asymptotic normality
not distribute.

for a fixed distribution does not establish the required
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uniform guarantee. In dimensions d > 1, a further dif-
ficulty arises because sharp control of every projection
need not yield a single Euclidean estimate at the same
radius.

Suppose that the data determine a set A C R? of
plausible values of the mean and let r > 0 denote the
desired estimation error. Sharp control of the projec-
tions in every direction may imply that

diam(A) := sup
pisp2 €A

|1 — pall < 27

This only bounds the distance between pairs of plau-
sible means. To construct an estimator with error at
most 7, one must instead find a point g whose dis-
tance from every element of A is at most r, that is,
sup,sea I — #/|| < r. The diameter bound alone does
not guarantee the existence of such a point. Indeed,
if A consists of the vertices of a regular simplex with
edge length 2r, then

inf sup o — ]| = 1y o >
1n u xr — =T _— T.
oeRd ey d+1

Thus, even if the directional information is sharp
enough to control the distance between every two plau-
sible means at the Gaussian scale, converting these
constraints into a single Euclidean estimate can intro-
duce a fixed geometric loss. This obstruction is closely
related to the geometry studied by Gupta, Hopkins
and Price [I3]. Our construction avoids this loss by
retaining the joint constraints on the proposed means
and covariance bounds, rather than reducing them to
a diameter bound, until the final center is selected.

1.1 Main results

For distributions with finite covariance, the optimal
deviation scale is already known up to universal con-
stants. In particular, robust mean estimators achieve

tr(X)/n+/[IX],, L/n with prob-

ability at least 1 — 9 [25]. In our regime, d is fixed and
L — oo. Since tr(¥) < d[|Z],,, the first term is at

most \/d/L times the second. Since \/d/L = o(1), the

leading scale is  /||X|[,, L/n.

The Gaussian benchmark identifies the correct leading
coefficient on this scale, uniformly over all nonzero ¥ >

0, Qé(z)z\/m{lJrOd(loiLﬂ .

Thus the remaining question is whether the known
rate can be attained without any fixed multiplica-
tive loss in its leading constant. Equivalently, in the
high-confidence regime the target coeflicient in front

an error of order

of \/IZ|l,, L/ is V2. Such a constant matters even

asymptotically, because its square enters the leading
sample size required to achieve a prescribed accuracy.
The following theorem attains this coefficient in every
fixed dimension under finite covariance using an esti-
mator determined by the sample and confidence level.

Theorem 1 (Gaussian sharp mean estimation). Fix
an integer d > 1. There exist constants Cq < 00, e <
Lg < 00, and cq > 0, depending only on d, such that
the following holds. For everyn > 1 and 0 < § < 1,
put L =1log(1/6). If L > Lg and L/n < cq, then there
exists a Borel measurable estimator ﬁ;dgs such that, for
every Borel probability distribution on R® with mean
w and finite covariance ¥ = 0, and for n independent
observations drawn from that distribution,

p{\

~(d
4

(it )] 22}

It follows that, whenever d is fixed, L — oo, and
L/n — 0, the confidence radius is (1+0(1))Qs(X)/v/n
uniformly over the entire class of distributions with fi-
nite covariance. This includes sequences of covariance
matrices approaching singularity or becoming increas-
ingly ill-conditioned.

Theorem [l characterizes the first-order radius in the
high-confidence regime. The second-order contribu-
tion of the spectrum of 3 and the exact Gaussian ra-
dius at fixed § remain open. Our second result shows
that the same estimator admits a polynomial-time im-
plementation for fixed d.

Theorem 2 (Computational complexity). Fiz d > 1.
In the regime of Theorem[d], there exists an algorithm
that computes ﬂgd 5 with arithmetic complexity nO@).
Algorithm [I] achieves this bound. The computational
model underlying this arithmetic complexity bound is
specified in Appendix

From a statistical perspective, the guarantee is sharp
to first order. Proposition [G.I] shows that even for
a Gaussian location family with a fixed covariance
matrix ¥, any estimator whose confidence guarantee
holds uniformly over u € R? must have radius at least

/I lop /7 ®~1(1 —4), where ® denotes the standard

normal distribution function. Since ®71(1 — §) =

V2L (1 + o(1)) and Qs5(X) = /2[|Z],, L (1 + o(1))
for fixed d, this lower bound is (1 — 0(1))Qs(X2)/y/n.
Together with the upper bound (1 + 0(1))Qs(X)/v/n
from Theorem [T} this shows that the Gaussian bench-
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mark is attained with the optimal leading constant in
the stated regime.

1.2 Related work

The literature on robust mean estimation under finite
covariance includes median of means methods [34], ge-
ometric aggregation [16, 29], influence function esti-
mators [5], and PAC-Bayesian methods [6]. Devroye,
Lerasle, Lugosi and Oliveira [I1] distinguish estimators
designed for a prescribed confidence level from those
required to work simultaneously over a range of con-
fidence levels; our estimator is allowed to depend on

J.

For vectors with finite covariance, Lugosi and Mendel-
son [25] established the optimal deviation scale up
to universal constants, with extensions to general
norms in [26]. Subsequent work developed polynomial-
time procedures at the same statistical scale, includ-
ing Hopkins [I5], Cherapanamjeri, Flammarion and
Bartlett [7], and Lei, Luh, Venkat and Zhang [24].
These results determine the correct order of the er-
ror and resolve much of the computational problem.
The present work addresses the finer question of the
leading confidence constant, showing that the Gaus-
sian benchmark can be attained to first order.

In dimension one, Catoni [B] obtains the Gaussian
leading constant when an upper bound on the vari-
ance is known, while Lee and Valiant [21] remove
this prior knowledge under only finite variance. In
higher dimensions, an additional geometric obstruc-
tion arises: sharp scalar estimates in every direction
do not automatically yield a single Euclidean cen-
ter with the same radius. Related refinements ad-
dress robustness, distribution-dependent guarantees,
self-normalization, and sharper deviations under ad-
ditional structure [10, 23| [30H32].

Lee and Valiant [22] obtain a complementary sharp
result when the effective dimension is large rela-
tive to the confidence parameter. Writing deg =
tr(X)/ (||, their sample complexity is optimal up
to a factor 1+ o(1) when deg/log?(1/5) — co. Since
degg < d, this regime excludes fixed d as § — 0.
Their result and Theorem [ therefore address differ-
ent asymptotic balances between dimension and con-
fidence.

The closest comparison from the geometric viewpoint
is Gupta, Hopkins and Price [13]. Under a known
bound ¥ =< 021, their Theorem 1 gives radius (1 —
7)Jqo\/2L/n for d > 2 and n > CL > C2%d, where
Jg = +/2d/(d+1) and 7,C > 0 are universal con-
stants. Thus, their result improves the Jung coeffi-
cient by a constant factor. However, the resulting co-

efficient is independent of n and §, and therefore does
not converge to one as the sample size grows and the
confidence level increases while the dimension remains
constant. Theorem [I] addresses this regime without
assuming prior knowledge of the covariance. The con-
stants in our result may depend on d, and we make
no claim when the dimension grows with the sample
size. Gupta, Hopkins, and Price also establish a Jung-
type lower bound for adversarial contamination in the
population limit, but their result is established under
a different statistical model.

Additional related work and the detailed comparison
are given in Appendix [A]

To the best of our knowledge, this is the first multi-
variate mean estimator for fixed d > 2 that matches
the Gaussian confidence radius up to a 1+ o(1) fac-
tor under only a finite covariance assumption, as
log(1/6) — oo with log(1/d) = o(n), without requiring
prior knowledge of the covariance.

1.3 Construction outline

We say that a pair (m,V) with m € R and V = 0
is accepted if the quadratic likelihood L, (m,V) de-
fined in satisfies L, (m,V) < T, where T = L +
Og4(log L). To each accepted pair, we attach a ball of

\/2IVllop T'/n. Lemma en-

sures that (u,X) is accepted with probability at least
1 — 4. It therefore remains to show that the balls as-
sociated with all accepted pairs have a common point,
even when their scales differ or vanish.

radius approximately

Lemma [2.]] associates each accepted pair with a dis-
tribution having the proposed mean and covariance
bounded by the proposed matrix, while Corollary
shows that the multivariate Chernoff divergence of the
distributions associated with any finite family of ac-
cepted pairs is at most T'/n. If the corresponding
balls failed to intersect, a common Gaussian convo-
lution can be chosen so that their squared normalized
common radius lies in the range of Lemma That
lemma then gives a lower bound on the Chernoff di-
vergence that is strictly larger than T'/n, yielding a
contradiction. Helly’s theorem gives the intersection
property for every finite family of accepted pairs. The
pair formed by the empirical mean and empirical co-
variance is always accepted, and its associated ball is
compact; compactness therefore extends the finite in-
tersection property to the entire family. The estimator
is the minimum-norm point of this intersection. When-
ever (u,Y) is accepted, the intersection is contained in
its associated ball, which yields the Gaussian radius.

Sections [2}{3] establish the likelihood, information, and
geometric bounds used above. Section [] defines the
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intersection and the resulting estimator and proves
Theorem (1] Section || gives a polynomial characteriza-
tion of rejection and proves Theorem 2] The auxiliary
proofs and detailed algorithmic analysis are deferred
to the appendices.

2 LIKELIHOOD AND CHERNOFF
DIVERGENCE BOUNDS

A candidate is a pair (m, V) with m € R¢ and V = 0,
interpreted as a proposed mean and a covariance up-
per bound. We first define a statistic for testing can-
didates and then show how the resulting relative en-
tropy representations yield a multivariate Chernoff di-
vergence bound for any finite family of accepted candi-
dates. Throughout, vector norms are Euclidean, ma-
trix norms are operator norms, and logarithms are nat-
ural.

2.1 Quadratic likelihood and relative entropy

Write P, = n~* > 0x, and let M(m, V') be the Borel
probability measures with mean m and covariance
bounded by V = 0. Every such distribution is sup-
ported on m + Range(V): the variance in each null
direction of V' is zero. If any observation is outside
this affine space, set £,,(m,V) = +o0.

Otherwise, write V' = UAU" on its range, where
U'U = I, r = rank(V), and A = 0. Define
Y = (A*l/QU%(Xifm)) and set
Ln(m, V)= sup Y log(y] Ay:). (1)
A0 3
tr A=

The matrix A has size (r + 1) x (r + 1), and we use
the convention log0) = —oco. If V. = 0 and all ob-
servations equal m, take y; = 1, so the statistic is
zero. For a threshold T' > 0, a candidate (m,V) is
accepted if £, (m,V) < T. The constant coordinate
includes affine as well as quadratic terms, while the
trace constraint normalizes their expectations under
the proposed moments.

Lemma 2.1 (Relative entropy representation). If all
observations lie in m + Range(V), then

L,(m,V . ~

EamV) _ i D(BlP). (2)
n PeM(m,V)

The minimum is attained, including when V is singu-

lar.

The relative entropy is defined by Dkp(Q|P) =
[log(dQ/dP)dQ if @ < P, and is infinite otherwise.
The minimization over the second argument is a re-
verse information projection problem; see, for exam-
ple, [I9]. The proof in Appendix [B| also shows why

the representing distribution may place residual mass
outside the observations. Thus, if a candidate (m, V)
is accepted at threshold T', Lemma supplies a dis-
tribution P € M(m, V') such that Dxy,(P,||P) < T/n.

2.2 Multivariate Chernoff divergence

For Py,..., Py, choose a common dominating proba-
bility measure v and write p; = dP;/dv. For weights
BeAy ={B >20:>,0 =1}, let Ig := {i €
{1,...,N} : B; > 0} denote the support of S, and
define

W/;:/Hp;dy,

ic€lg

,Pn) = sup (—logWg).
BEAN

C*(Py, ...

This multivariate Chernoff divergence [33] reduces
to the usual Chernoff information for two distribu-
tions [9]. Zero weights omit the corresponding factors
and permit comparison of any subfamily.

Lemma 2.2 (Relative entropy upper bound for Cher-
noff divergence). If Dxy,(Q||FP;) < s < oo for every i,
then

C*(Py,...,Py) < s.

Corollary 2.3 (Chernoff divergence bound for ac-
cepted candidates). If L, (m;,V;) <T for 1 <i <N,
there are P; € M(m;,V;) with

Dxv(Pu|lPi) < T/n,

C*(Py,...,Py) < T/n.

The proofs are in Appendix For each fixed sam-
ple, the corollary applies deterministically to every fi-
nite family of accepted candidates. Accordingly, the
probability estimate in the main proof concerns the
acceptance of (u, X).

2.3 Calibration under finite covariance

For a fixed A > 0 with tr A = 1 and independent Y;
satisfying E[Y;Y;"] = I, the product [],Y;" AY; has
expectation one. The statistic instead chooses A after
seeing the sample. The following lemma controls the
cost of that optimization.

Lemma 2.4 (Quadratic likelihood maximal inequal-
ity). Fizd > 1. There is a positive integer aq, depend-
ing only on d, such that for independent Y1,...,Y, €
R, 1 < k < d+1, with ElY;Y;"] = I}, and every
u > e,

n
P¢ sup Zlog(YiTAYi) >u+aglogu p <e ™
tAAt—Ol =1
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The proof is given in Appendix [C] Taking u = L gives
the acceptance threshold Ty = L + ag4log L under only
finite covariance. Its Og4(log L) correction is indepen-
dent of n, which allows L to diverge arbitrarily slowly
relative to the sample size. Section [4.1] applies the
lemma to the pair (u, ¥), including singular covariance
matrices.

3 A GEOMETRIC LOWER BOUND
FOR MULTIVARIATE
CHERNOFF DIVERGENCE

For 1 < i < N, let P; be a distribution with mean
p; and covariance matrix ¥;, and set A; := ||,
Suppose that \; > 0 for every i. Define the squared
normalized common radius

2
R = min max M
z€RE i@ i

The minimum exists by continuity and coercivity.
Equivalently, v/R is the smallest p > 0 such that the
balls B(ui, pv/Ai), 1 <i < N, have a common point.
The proof first treats distributions that satisfy the re-
quired boundary and balance conditions at a minimiz-
ing center, then reduces every finite family to a sub-
family with these properties.

Lemma 3.1 (Chernoff bound under boundary and
balance conditions). Let N > 2 and d > 1. Suppose
R > 0 and that there exist a minimizing center z* and
weights 1, ...,yn > 0, with vazl v; = 1, such that

N
lwi == P = RN (1<i<N), Y mui—=") =0.
i=1

1
IfR S 1024N2 then

C*(Py,...,Py) > = — T000N3R?.

R
2
The bound is uniform over all ratios of covariance
scales.

The boundary equalities identify the tight constraints,
while the positive weights make the weighted displace-
ments from the minimizing center sum to zero. The
proof is in Appendix Together with the reduction
in Corollary it gives the following form used by
the estimator.

Lemma 3.2 (Multivariate Chernoff lower bound). Let
Py, ..., Py be Borel probability measures on R with
finite second moments, means ji;, covariance matrices
i, and positive covariance scales A; = [|S;]|,,. Define

2
R = min max M
Z€RA 1<i<N i ’

R
C*(Py,...,Py) > 3 baR%.

The remainder is uniform over all ratios of covariance
scales.

This bound follows from Lemma [B.1] and the reduc-
tion in Corollary the proofs are in Appendix
Together with Corollary it yields the key com-
parison: the distributions representing any finite fam-
ily of accepted candidates have Chernoff divergence
at most T'/n, whereas a sufficiently large squared nor-
malized common radius within the admissible range of
Lemma[3.2]yields a lower bound exceeding this thresh-
old. In Section a common Gaussian convolution
is applied to these representing distributions; its vari-
ance is chosen so that every covariance scale is positive
and the squared normalized common radius lies within
that admissible range.

4 THE ESTIMATOR AND
STATISTICAL GUARANTEE

We first specify the geometric selector. Let kq4(s) =
25(1 + 16bg4s), where by = 7000(d + 1)3. For an accep-
tance threshold T and a parameter s > T'/n, define

cr,s)= )

Ly (m,V)<T

B(m,yfra() V1l ) -

Whenever this set is nonempty, let (7T, s) denote its
unique point of minimum norm.

For Theorem [} let T5 and ss be the deterministic
thresholds constructed in Appendix There is a
constant €5 < oo, depending only on d, such that,
with Ty = L 4+ ag4log L,

Ty <Ts <Ty+ eq, Ts <nss <Ts+1. (3)

In particular, ss > T5/n and nss = L+ Og4(log L). We
define ﬁg}d% = (T, ss)-

Lemma 4.1 (Measurability of the geometric selector).
Fiz d, n, and & in the regime of Theorem[l The map
(X1,...,Xn) — 0(Ts, ss) is Borel measurable.

Proof. The set of constant samples is closed, and on
this set the selector equals the common observation.
For nonconstant samples, Appendix [[.3] gives a first-
order formula over the reals, with the sample coordi-
nates as parameters, that defines C(T,s). By quanti-
fier elimination [3], the graph of this correspondence
is semialgebraic. Imposing the additional condition
that ||z]|* be minimal over the corresponding fiber and
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eliminating the auxiliary variables yields the graph
of the unique minimum-norm selector. This graph is
semialgebraic, and hence the selector is Borel measur-
able. O

4.1 Proof of Theorem [II

The preceding sections supply the inputs to the con-
struction. We prove that the intersection defining the
estimator is nonempty for every sample and that its
selected point has the required statistical guarantee.
The likelihood and Chernoff bounds are used as stated;
their proofs are in the appendices.

Proof. Fix d, n, and § in the stated regime. All con-
stants below depend only on d.

1. Fix the threshold and the radius.
and s = s5. By (3),

TZTda

Set T = T5

T/n <s, ns =L+ O4(logL). (4)

Enlarge Ly so that ns < 2L whenever L > Ly, and
decrease c¢q so that L/n < ¢4 implies

1 1 )
64bg” 4096(d + 1) [

O<s§50:min{

For example, it suffices to take ¢4 < s¢/2 after fixing
Lg. These are restrictions depending only on d.

Write K = kq4(s) and abbreviate the associated ball

by B(m,V) = E(m, /K ||V||Op). Two consequences

of will drive the argument. First, x = 2s(1 +
16bgs) < 2s < 1/[1024(d + 1)?]. Second, the inflated
radius makes the geometric lower bound strictly larger
than s, the upper bound on the Chernoff divergence:
g — bgk? — s = bgs? [16 —4(1+ 16bd3)2]
> %bd82 > 0.

The bound 16b,s < 1/4 follows from . The leading
radius coefficient 2s comes from the coefficient 1/2 in
Lemma 3.2} its inflation supplies the strict gap needed
for the contradiction.

2. Acceptance of (u,X). Let r = rank(X). For
every null direction a of X, E[(a T (X;—pu))?] = o' Xa =
0. Applying this to a finite basis of the null space
gives X; — p € Range(X) almost surely. If r > 0,
standardizing on this range and adjoining the constant
coordinate produces independent vectors Y; € R"*!
with E[Y;Y;"] = I,;1. Lemma applied with u = L,
yields

P{Ln(p, %) > T} <P{Lp(1,X) > Ta} <6. (7)

If ¥ = 0, all observations equal u almost surely and
the statistic is zero, so the same conclusion holds. Let
E={L,(1,X) <T}. ThenP(§) > 1—4. The geomet-
ric argument below is deterministic for each realized
sample; the event &£ enters in Step 5, where B(u,X)
becomes one of the balls defining the intersection.

3. Intersections of at most d + 1 balls. Fix the
sample and a family of N < d + 1 accepted candi-
dates (m;,V;). A single ball is nonempty, so assume
N > 2. By Lemma[2.1] there are representing distribu-
tions P, € M(m;, V;) satistying Dy, (P,||P;) < T/n.
Corollary 2.3] therefore gives
C*(Py,...,Py)<T/n<s. (8)
Put v; = [[Vi]|,, and suppose, toward a contradiction,
that the corresponding balls have empty intersection.
Define
: Imi — 2|
Ry = inf max
z 7 Vi
For v; = 0, the ratio is zero at z = m,; and infinite
elsewhere. Its sublevel sets are precisely finite inter-
sections of closed balls, and each finite sublevel set is
compact. Thus the infimum is attained whenever it is
finite. Empty intersection at level x implies Ry > k;
equality cannot occur through an unattained infimum.

Let X; denote the covariance matrix of P;. The corre-
sponding covariance scales satisfy A; == ||, < v;.
Consequently their squared common radius is at least
Ry . Some \; may vanish, and this radius may exceed
the local range of Lemma Apply the same Gaus-

sian convolution to every representing law and define

Pi(T) =P *N(O,de),

. [|r; — Z||2
R = inf max ————.
(1) inf max N T

For 7 > 0, the means remain m; and the covariance
scales are \; +7 > 0. Lemma gives continuity of
R(7) on (0, 00), its right limit R(0) > Ry > &, and its
limit zero at infinity. The intermediate value theorem
therefore supplies 7 > 0 with R(7) = k.

All hypotheses of Lemma [3.2] now hold, by the first in-
equality established in Step 1. Its lower bound and @
imply

cxp”,..., P >

On the other hand, data processing under the common

convolution (Lemma [B.1]) and (8) give

C*(P7,... Py < CH(Py,...,Py) < 5.
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This contradiction proves the required intersections.
The estimator itself is determined by the balls asso-
ciated with accepted candidates; the representing dis-
tributions and the common Gaussian convolution es-
tablish that every finite subfamily of these balls has
nonempty intersection.

4. The full intersection and the selector.
Helly’s theorem [2] [T4], applied to the balls associated
with any finite family of accepted candidates, shows
that these balls have a common intersection. To ex-
tend this conclusion to all accepted candidates, we use
a compact member of the family. Define the empirical
moments

_ 1
X, = Ezijxi,

5, -

The empirical measure belongs to M(Xn,fln), SO
Lemma gives L£,(X,,5,) = 0. This pair is ac-
cepted for every sample. Its ball By = B(X,, f]n) is
compact, even when it is a singleton.

The closed subsets By N B(m, V) indexed by accepted
candidates have the finite intersection property by
Helly’s theorem. Compactness of By implies that their
full intersection C(T),s) is nonempty. Since C(T),s) is
closed, convex, and contained in By, it is compact. We
therefore define the selector associated with (7', s) by
p(T, s) »= argmin, e g ||2||>. The minimizer exists
by compactness and is unique by strict convexity. In
particular, when all observations equal x, the ball By
is {«} and the estimator equals x.

5. The selected point has the required error
bound. On &, the ball B(u,X) is one of the balls
defining C(T, s). Hence, with A = ||X]|

op’

17(T, 8) = pll < V'ka(s) A (9)

If A > 0, factor the right-hand side as

N ,/%, /%\/1 + 16bgs.

By @), ns/L = 1+ Oq(logL/L) and s < 2L/n.
The elementary inequality /1 + 2 < 1+ /2 therefore
bounds the last two factors by 1+ Cy(log L/L + L/n)
after increasing Cy to absorb their product term. A
scalar projection of a Gaussian vector onto a top eigen-
vector of ¥ gives the comparison

VML < <1 n CloiL) Q5(%);

the scalar tail calculation is in Appendix Com-
bining these bounds with (@ proves the desired radius
on £. Equation gives its probability. If X = 0,
the ball B(u,Y) is {p} and the error is zero almost
surely. Lemma [4.1] gives Borel measurability. Taking

ﬁgﬁ; = (T, s) completes the proof. O

5 POLYNOMIAL-TIME
COMPUTATION

Theorem [1| defines the estimator geometrically. We
now show that, for fixed d, the same selector can be
computed in polynomial time. For the thresholds con-
structed in Appendix [C:4] write 75 = logc, set s = ss,
and let ¢ = k4(s). Appendix [M] gives the arithmetic
procedure for computing these quantities and its cost.
We characterize the intersection by a quantified poly-
nomial formula, apply quantifier elimination, and then
compute its unique point of minimum norm using stan-
dard algorithms in real algebraic geometry.

5.1 Polynomial description of the
intersection

The intersection may be restricted to isotropic can-
didates. For v = [[V],,, we have V' =< wvly, and
Lemma gives L,(m,vly) < L,(m,V). More-
over, (m,V) and (m,vl;) define the same ball. Since
isotropic candidates already belong to the original
family, the restriction leaves the intersection un-
changed; see Lemma [L.1] If all observations equal z,
the accepted candidate (x,0) forces the intersection to
be {z}. Otherwise, it suffices to consider scalar candi-
dates (m,v) with v > 0.

For the nonconstant sample, put w; = (1, X,’)T and

1 m’
S(m,v) = (m mm’ + vId> ’

The likelihood representation (Lemma [L.2)) is

eXp{ﬁn(m, UId)} = Ig]lg}o( W

tr H=1

For v > 0, S(m,v) is positive definite, so the denom-
inator is positive. Clearing this denominator yields
an equivalent polynomial test; Appendix [[] gives the
derivation.

Put pg = (d+ 1)(d +2)/2. For § € RP4, let Ly be the
lower triangular matrix of size d 4+ 1 whose entries are
the coordinates of 8, ordered row by row. Set Hy =
LoLg , so that Hy = 0 and tr Hy = 16]|°. Define

P.(m,v,0) = HU)ZTHOUH — c[tr(HpS(m,v))]™. (10)
i=1
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Every positive semidefinite matrix of trace one has this
representation with ||@|] = 1. Lemma therefore
implies that, for v > 0, rejection is equivalent to the
existence of 6 satisfying ||6]|* = 1 and P.(m,v,6) > 0.

A point z belongs to the intersection if and only if
every isotropic candidate (m,vl;) with v > 0 whose
associated ball excludes z is rejected. By the rejection
criterion above,

z€C(loge,s) = VY(m,v) ERIxR:

[v>0 A |z —m|® > ¢v] (11)
— I ecRM: [|0]°=1 A P.(m,v,0) > 0.

Thus (m,v) parameterizes the isotropic candidate
(m,vly), while 8 witnesses its rejection whenever v > 0
and the associated ball excludes z. For fixed d, the
numbers of free and quantified variables are indepen-
dent of n; only the degrees of the defining polynomials
grow with n. Hence standard algorithms in real alge-
braic geometry apply in polynomial time as n grows.

Algorithm 1: Mean estimation in R¢
Input: Observations X1,..., X, € R? and
confidence level § € (0,1)
Output: Estimate ﬁgldfs € R4

1 if X7 = ... = X,, then return Xi;

2 Compute ¢, s, by the threshold construction
in Appendix

s if s > sy then return n=' Y1 | X;;

4 Form the polynomial P, in ;

5 Apply quantifier elimination to the condition
in to obtain a quantifier-free formula
defining C(logc, s);

6 Using this formula, compute the unique point
2* € C(log ¢, s) minimizing ||z||* by the
procedure described below;

7 return z*;

The minimizer in Step 6 is well defined. For the pa-
rameters above, Section shows that C(loge, s) is
nonempty, compact, and convex whenever the sam-
ple is nonconstant and s < so. Hence |z||® at-
tains its minimum on C(logc,s), and strict convex-
ity makes the minimizer unique. To compute this
minimizer, let ¢(z) be the quantifier-free formula ob-
tained in Step 5 and introduce a scalar p. Elimi-
nating z from 3z [p(z) A l2]? < p| yields a univari-
ate semialgebraic condition in p. Its smallest feasible
value p* can be determined by sign determination and
root ordering, after which semialgebraic sampling of
{z:(2) A||z||> = p*} recovers the unique minimizer.
Appendix [M] gives the construction and complexity
bounds.

5.2 Proof of Theorem [2]

Proof. When the sample is constant, the algorithm re-
turns Xi; when s > sg, it returns X,. Otherwise,
Lemma and imply that Step 5 produces a
quantifier-free description of C(logc,s). Section
shows that this set is nonempty, compact, and convex,
so Step 6 computes its unique point of minimum norm,
namely i(logc, s) = ﬁgld()s

Formula has d free variables, quantified blocks of
sizes d + 1 and pg, and four polynomial comparisons
of degree at most 4n. Let Nqgr and Ny count the
operations and comparisons for quantifier elimination
and the subsequent selection. The standard bounds
give [3], [40H42]

Nog < nO@@+Dpa) — 00"

Ny < nO(dz(d—i-l)pd) — no(d“'*).

Including threshold computation and polynomial for-
mation, the total complexity is (n + &;)OME’) (Ap-
pendix [M)). In the regime of Theorem [1} ¢5 = O(L +
1) = O(n), yielding nO@), O

6 CONCLUSION

We have shown that, in every fixed dimension d, a
single estimator can match the Gaussian sample-mean
confidence radius Qs(X)/4/n up to a multiplicative fac-
tor 1 4+ o(1), uniformly over all distributions with fi-
nite covariance and without prior knowledge of ¥. Our
construction relies on three components: a quadratic
likelihood statistic whose relative entropy representa-
tion links accepted candidates to a common empirical
reference measure, a multivariate Chernoff divergence
lower bound with sharp leading coefficient 1/2 and a
remainder uniform over all ratios of covariance scales,
and an intersection argument via Helly’s theorem that
converts the joint constraints associated with accepted
candidates into a single Euclidean estimate without
the geometric loss incurred by diameter-based reduc-
tions. A matching lower bound from two Gaussian
location models confirms that the leading constant is
optimal in the stated regime.

Several directions remain open. Our guarantee
captures the leading covariance dependence through
||, but not the finer contribution of the remaining
spectrum, and Gaussian sharp accuracy is established
only in the asymptotic regime L — oo rather than at a
fixed confidence level §. Achieving Gaussian sharp ac-
curacy at fixed § would require non-asymptotic likeli-
hood calibration and remainder control that preserves
the Gaussian leading constant, while identifying the
next-order spectral dependence remains open.
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Al use statement

In this work, we used generative Al tools to improve
sentence structure, clarity, and grammar; to flag po-
tential mathematical issues for review; and to assist
with literature search. We did not use generative Al to
generate the research results or derive the main mathe-
matical arguments. All mathematical suggestions were
independently checked by the authors, and literature-
related claims were verified against the original sources
before incorporation. We take responsibility for the fi-
nal content of this work.
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A ADDITIONAL RELATED WORK

Section [I] presents the main comparison with related work. This appendix provides additional details on the
regimes and confidence radii most closely related to the leading constant studied in this paper.

Table 1: Results most directly related to the leading confidence constant.

Work Setting and regime (1 — §)-confidence radius
Lugosi— d arbitrary; ¥ unknown; E || X — u||> < oo C(\/tr(nz) + \/ml;pL) ;
Mendelson [25] n>1§€(0,1) C % o0 universal
Lee—Valiant [21] d = 1; Var(X) = 02 < 0o unknown; (1+o0(1)) 0/ 2L
L — oo, L/n—0

Lee—Valiant [22] ¥ unknown; deg/L? — o0; n/L3 — oo (14 0(1)) @
Gupta—Hopkins— d>2; ¥ < 021, with 02 known; (1—=7)Jg04/ %;
Price [13] n>CL > C?d 7,C > 0 universal
Theorem dLﬁxed; Xiunknogvn; E|X — p|? < oo; [1 + C’d(l(’% + %)] Q‘ST(TLE)

oo ke = (14 0(1) 22

Several nearby models lead to different benchmarks. Under symmetry on the line, Gupta, Lee and Price [12]
obtain guarantees governed by Fisher information. Novikov, Steurer and Tiegel [35] study robust location
estimation for symmetric product and elliptical distributions without moment assumptions. Contamination
models are considered by Lugosi and Mendelson [28], while Prasad, Balakrishnan and Ravikumar [37] study
reductions from multivariate to univariate estimation, and Cherapanamjeri, Tripuraneni, Bartlett and Jordan [g]
consider directional moments below order two. These problems use different structural assumptions or pursue
different forms of robustness, so their optimal constants need not coincide with the finite covariance benchmark
considered here.

Our construction is also connected to empirical likelihood and information projection, although the feasible
distributions are different. Classical empirical likelihood enforces moment constraints by reweighting the obser-
vations, and the resulting distribution therefore remains supported on the sample [36, [39]. In our construction,
the relevant statistic minimizes reverse relative entropy over all distributions with a prescribed mean and a
covariance upper bound. The minimizing distribution may place mass outside the observed sample. This gives
the statistic a natural interpretation as a reverse information projection of the empirical distribution onto a
moment class. Related ideas appear in the work of Larsson, Ramdas and Ruf [19] on reverse information pro-
jection and log-optimal e-variables, and in minimum divergence formulations for best-arm identification under
heavy tails [I]. The empirical distribution serves as a single reference measure: every accepted candidate admits
a representing distribution P for which DKL(ﬁnHP) is small, permitting comparison through the multivariate
Chernoff divergence.

B QUADRATIC LIKELIHOOD: PROOFS AND ADDITIONAL DETAILS

B.1 Moment classes and normalized coordinates

For each k > 1, let P(R¥) denote the set of Borel probability measures on R¥. We regard R? itself as the sample
space and let X : R? — R? X(x) = =, denote the canonical random vector. Thus, under P € P(RY), the
canonical map X has law P. For a candidate (m, V'), the associated moment class is

M(m, V) = {P e PR : P(m+ Range(V)) = 1, Ep[X] =m, Covp(X) < V}.

The affine support restriction is consistent with the covariance bound. Indeed, if a lies in the null space of V/,
then every P € M(m, V) satisfies Varp(a' X) =a' Covp(X)a < a'Va=0. Thus a' (X —m) = 0 almost surely
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under P. Applying this observation to a basis of the null space shows that X — m € Range(V') almost surely.

We first normalize the proposed moments on this affine support. Let 7 = rank(V), choose a matrix U € Rx"
whose columns form an orthonormal basis of Range(V'), and write V = UAU ", where A is positive definite. For
x € m + Range(V), define

~ . 1 .
by (@)= AU @) R )= (L) eR

The map x + 2, v (z) is a bijection from m +Range(V) to R”, with inverse z ~ m +UA/22. Under this change
of coordinates, a distribution in M (m, V') becomes a distribution with mean zero and covariance bounded by I,..
Conversely, every such normalized distribution maps back to a member of M(m, V).

The first coordinate of y,,, v (x) is fixed at one. This augmentation allows a single quadratic form in y,, v (x) to
include constant, linear, and quadratic terms in the normalized observation. When r = 0, the affine support is
the singleton {m}, and we set y,,, v(m) = L.

The main result of this section gives an exact interpretation of this statistic. After division by the sample size, it
equals the smallest relative entropy from the empirical measure to any probability distribution with the proposed
mean and covariance bound. Consequently, every accepted candidate admits a representing distribution P for
which Dkp(P,||P) is small. Any finite collection of accepted candidates can therefore be compared through the
multivariate Chernoff divergence, with the empirical measure appearing as the first argument of each relative
entropy.

The definition is invariant under the choice of normalized coordinates. Any other choice gives normalized
vectors related by an orthogonal transformation. Conjugating A by the corresponding augmented orthogonal
matrix preserves positive semidefiniteness, trace, and the values of the quadratic forms, and hence preserves the

supremum in (|1}).

Let e; = (1,0,...,0)T. The feasible matrix A = eje] gives ym v (z)" Aym () = 1 throughout the affine
support. Therefore L, (m, V) > 0. Moreover, every feasible matrix satisfies A < I,.;1, so each quadratic factor is
at most ||ym,v (X j)||2. Thus the statistic is finite whenever all observations lie in the associated affine support.

B.2 Proof of Lemma [2.1]

Proof. If r = 0, the support assumption implies that every observation equals m. In this case, M(m,0) = {,,},
the statistic is zero, and both sides of equal zero. We therefore assume r > 1.

We work in normalized coordinates. Put z; = 2, v (X;), let @, =n~! > j=1 0z, and write y(2) = (1, 2T)T. The
normalized moment class is

P, :={P e PR"):Ep[Z] =0, Covp(Z) < I},

where Z(z) = z is the canonical random vector on R". Because the coordinate map is a measurable bijection
with measurable inverse, it preserves relative entropy. It is therefore enough to establish the representation with
Q®n and P, in place of P, and M(m,V).

For a probability measure P with finite second moment, define its augmented moment matrix by

Mp :=Eply(Z)y(2)"] = (bl gé) . bp:=Ep[Z], Sp=Ep[ZzZ'].

We claim that P € P, if and only if Mp =< I,.47. One direction is immediate: if bp = 0 and Sp =< I, then
Mp = diag(1,Sp) =< I,41. Conversely, if Mp < I,;1, then

0 —bh
I’I"+1 - MP = _bP IT _ SP t 0.

For every v € R” and t € R, its quadratic form at (t,v) is —2tbpv +v ' (I, — Sp)v. Nonnegativity for all ¢ forces
bhv = 0. Since v is arbitrary, bp = 0, and the lower-right principal block gives Sp =< I,.. This proves the claim.
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We first show that every feasible quadratic form provides a lower bound on relative entropy. Fix A = 0 with
trA = 1, and put fa(z) = y(z)"Ay(z). For every P € Py, [o. fa(z)dP(z) = tr(AMp) < trA = 1. The
inequality follows because A = 0 and I,;1 — Mp = 0, which imply tr(A(I,41 — Mp)) > 0.

If Q,, € P, the desired entropy lower bound is immediate. Otherwise, let S be the finite support of @,,, and
write ¢, = Qn({z}) and p, = P({z}) for z € S. If f4 vanishes at an empirical atom, its empirical logarithmic
average is —oo, and the bound again follows. In the remaining case, Jensen’s inequality gives

| 1o £, = D (QullP) = Zqzlog( )<log <Zf,4 ) <tog [ fadp<o.

z€S z€S

Thus Dk1,(Qn||P) > f]Rr log f4dQ,. Taking the supremum over A shows that the optimized quadratic statistic
divided by n is no larger than Dkr,(Qy||P) for any P € P,.

To prove the converse, define
F)i= [ log(y(2) Ay(2) dQu(z Zlog )T Ay(z,)).

The feasible set {A = 0 : tr A = 1} is compact. The function F is upper semicontinuous on this set, with the
convention log0) = —oo0, and is bounded above because y(z;) " Ay(z;) < ||y(z])||2 for every j. Hence F' attains
its maximum at some matrix A*. Since F(eje] ) = 0, we have F(A*) > 0. In particular, y(z;) " A*y(z;) > 0 for
every empirical observation: a zero denominator would make F(A*) = —cc.

Define G := fR, 77,4*,3) d@.,.(z). All denominators are positive, so this is a finite positive semidefinite matrix.

For any feasible A, consider the feasible segment A; = (1 — t)A* 4+ tA, where 0 <t < 1. Since A* maximizes F,
differentiation at ¢t = 0 gives

_ dF(4)
=Tt

[ ETA— AN
L T 1) =66 —n(Ga),

The second trace has the explicit value

2) T A*y(z
(A = [ BEEIH a0, =1

Consequently tr(GA) < 1 for every feasible A. Taking A = vv! for an arbitrary unit vector v € R™*! yields
v'Gv < 1, and therefore G < I, ;.

We now use A* to construct an admissible probability measure. Define a measure Py, supported on the empirical
atoms, by %(z) = m. Its augmented moment matrix is G. Write

T
_ (911 9n1 ~._ 1 _
G B (gxl Grm) ’ g T 1 gll.

The entries have a direct interpretation:

PO(RT) = g11, / deo(z) = 0zx1, / ZZT dPo(Z) = Gaca:
Since G = I,.41, we have g > 0, so P, is a subprobability measure. It may have less than unit mass and a nonzero
first moment. The remaining step is to correct these two defects without exceeding the second moment bound.

If g = 0, the matrix I,..1 — G is positive semidefinite and has a zero upper-left entry. The same quadratic-form
argument used above forces g,1 = 0. Its lower-right block gives G, = I,. Hence P, already belongs to P,., and
we take P = F.

Suppose instead that g > 0. Since
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its Schur complement gives I, — G — g219.;/9 = 0. Equivalently, for every v € R”, minimizing the quadratic
T 2

form gt2 — 2t gl v+ v T (I, — Gz )v over t € R yields v (I, — Gup)v — (gm#”) > 0. This inequality shows that the
remaining allowance in the second moment bound is sufficient to restore the missing mass and cancel the first
moment.

Specifically, set zo = —g,1/9 and define P = Py +§d,,. Then P(R") = g11 + g = 1 and Ep[Z] = g;1 + g2z0 = 0,

T
and, since the mean is zero, Covp(Z) = Gup + G202 = Guz + % < I,. Thus P € P, in both cases.

It remains to compare its relative entropy with the optimized likelihood. For every empirical atom z € S, the
construction gives P({z}) > Py({z}) = m. Therefore

Ln(m,V)
—

DKL QnHP Zq,z og P ZQZ 1Og TA* ( )) = F(A*) =

This argument remains valid if the residual atom zy coincides with an empirical atom, since adding mass only
increases its probability. Relative entropy is evaluated after Py has been completed to the probability measure
P.

The previously established lower bound applies to the constructed P € P,, so the last inequality must be an
equality. Thus the minimum is attained and equals the optimized statistic. Finally, pushing P forward under
z = m + UAY?z produces a distribution in M(m, V). Invariance of relative entropy under this bijection

proves (2)). O

The construction explains why allowing mass outside the empirical support matters. The optimizing quadratic
form first determines a reweighting of the observed atoms. If these weights sum to less than one, the remaining
mass can be placed at a single additional point to restore the proposed mean while respecting the covariance
bound. Thus a moment pair can be realized even when the additional location required by the moments is absent
from the empirical support. This differs from empirical likelihood formulations that restrict the representing
distribution to the observed support [36].

B.3 Multivariate Chernoff divergence and data processing

The affinity, and hence the multivariate Chernoff divergence, is independent of the dominating measure. To see
this, let 7 be another dominating probability measure and put 7 = (v +7)/2. If @ = dv/dv and f; = dP,;/dp,
then f; = p;a almost everywhere with respect to . Since the positive weights sum to one,

H ff’ =a H pf" v-almost everywhere.
iclg ic€lg

Integrating this identity shows that the affinity computed using 7 equals the affinity computed using v. The
same argument with ¥ proves the claim. The definition and this argument apply without change to probability
measures on any common measurable space.

B.4 Proof of Lemma [2.2]

Proof. Fix a weight vector § € Apy. Choose a probability measure v dominating @, Pi,..., Py, and write
g =dQ/dv and p; = dP;/dv. Set

“Tn@r Was [ s v

The assumption that each relative entropy is finite implies @ < P; for every i. Consequently, p; > 0 almost
surely under () for every ¢ € Ig, and hence gg > 0 almost surely under (). Since @) < v, this implies Wy > 0.
The affinity bound above also gives Ws < 1.

We may therefore define a probability measure Pg by its density

A (0) = i) = 2.
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This distribution is the normalized geometric mixture associated with the weights 5. Moreover, Q) < ]55, because
ps > 0 almost surely under Q.

On the support of @, the logarithmic density ratio can be written as

bgg, bgq—-}jtﬁbgm-%bgm%——E:Bﬂogp-+bgﬂ%

iclg iclg

The second equality uses » B; = 1. Integrating with respect to @ gives the identity

icls
DxL(QIIPs) = Y BiDxL(QIIP:) + log Wj.
iclg
All terms are well defined: the divergences Dk, (Q||P;) are finite by assumption, and 0 < Ws < 1. In particular,
the logarithmic density ratios on the right are integrable under Q.
By nonnegativity of relative entropy,
—logWs = > BiDxi(Q|P) — Dxi(QlPs) < Y BiDxi(Q[P) < s
iclg i€lg

This holds for every weight vector §, so taking the supremum proves the result. O

The common first argument in the relative entropy bounds is essential. Since each Dxr,(Q||F;) is integrated with
respect to (), the weighted divergences can be combined through the normalized geometric mixture P, yielding

the entropy identity in the proof. In Corollary the common measure is the empirical measure ]3n, and the
P; are the representing distributions associated with accepted candidates.

The classical multivariate Chernoff divergence satisfies the following data-processing inequality; compare [33].

Lemma B.1 (Data-processing inequality). Let K be a Markov kernel from R? to a standard Borel space
V. For a probability measure P on RY, let KP denote the probability measure on Y defined by (KP)(B) =
Jga K(x,B)dP(x). Then C*(KP,...,KPy) < C*(P,...,Py).

Proof. Fix § € A, and let v dominate the input distributions, with densities p; = dP;/dv. Introduce the joint
reference probability measure II(dx,dy) := v(dz)K (z,dy) on R? x ), and let p = Kv be its output marginal.
Denote the coordinate variables under IT by X and Y.

Every output law K P; is absolutely continuous with respect to p. Indeed, if p(B) = 0, then K(x, B) = 0 for
v-almost every z, and hence also for P;-almost every z. Let ¢; = d(KF;)/dp.

We first identify these output densities as conditional expectations. For every bounded measurable function
w:Y =R,

[ ewamanm = [ [ o)t i) dp@) = Enlp(X))

Since Y has law p under II, the defining property of conditional expectation therefore gives ¢;(Y) = En[p;(X) | Y]
II-almost surely.

Conditional generalized Holder’s inequality, applied to the indices in I, now yields

En [ [T pi(X)% |V | <[] Bulpi(X =[] a(vy

iclg iclg iclg

For positive weights strictly below one, the Holder exponents are 1/3;, whose reciprocals sum to one. If |[I5| = 1,
the displayed inequality is an equality.

Taking expectations and using the input and output marginals of IT gives

/sz )P dv(z /qu )% dp(y)

i€lp 76],3
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Thus applying the same kernel to every distribution can only increase the affinity for each fixed weight vector.
Since x — —log = is decreasing, the corresponding Chernoff exponent can only decrease. Taking the supremum
over (8 proves the lemma, including the case of infinite input multivariate Chernoff divergence. O

A particular kernel used later adds independent Gaussian noise. For 7 > 0, take K(z,) = N (z,7l4), so that
KP; = P;xN(0,71;), where * denotes convolution of probability measures. The multivariate Chernoff divergence
is nonincreasing under this common Gaussian smoothing, while every mean is unchanged and each covariance
matrix increases by 7.

B.5 Proof of Corollary

Proof. Because L,,(m;,V;) < T < oo for every i, all observations lie in the corresponding affine support m; +
Range(V;). Lemmatherefore applies to every candidate and provides an attaining distribution P; € M(m;, V;)
with Dkr, (Pl P;) = W < % Although the representing distributions may differ, the measure in the first

argument is always the same empirical measure ﬁn Lemma with @ = ﬁn and s = T/n, gives the asserted
multivariate Chernoff divergence bound. O

C PROOF OF THE QUADRATIC LIKELIHOOD MAXIMAL INEQUALITY

Let © be a nonempty compact convex subset of a finite-dimensional affine space. For each coordinate i, let v;
be a probability measure on a measurable space (X;,.A;), and for each 6 € © let f; o be a nonnegative density
with respect to v;. Assume that, for every ¢ and z;, the map 6 — f; g(x;) is affine, and that in fiody; =1 for
every 0 € ©. Set

x =[x, vi=Qui,  polwr,-. . wn) =[] fiolwi).
i=1 i=1 i=1

Let Py denote the probability measure with density pyg relative to v. Thus, for each 6 € ©, Py is the product law
determined by the coordinate densities f1 g, ..., fn,0. Its coordinates are independent, but need not be identically
distributed.

For 6, ¢ € ©, define

hi(6,9) = /X (VFo = VFoo) s 0(0,0):= ihgw,@.

This is the squared Hellinger distance, summed over coordinates; see, for example, [20]. We use the unnormalized
convention, without the factor 1/2. The quantity h is a pseudometric on ©: distinct points may have distance
zero if they determine the same coordinate distributions. It is continuous on © x ©. Indeed, choose an affine
basis of ©. Each coordinate density is a linear combination of the densities at the basis points, with coefficients
continuous in # and bounded on ©. This gives an integrable envelope, and dominated convergence proves
continuity of the Hellinger distances.

Two standard properties of this pseudometric will be used repeatedly [20]. First, joint convexity of squared
Hellinger distance and the affine dependence of the densities on 6 imply

h2((1 — )00 + t01, (1 — t)0o + ths) < th(61,65), 0<t<l1. (12)

Both mixtures share the component corresponding to 6y, while the remaining components have weight ¢. Second,
normalization of the coordinate densities gives

[ VFafadvi= 1= 5126.9).

Independence and the inequality 1 — x < e™* therefore yield

n

/X Vpops dv =[] (1 - ;h?((%cﬁ)) < e 002, (13)

i=1

Thus separation in h produces exponential decay of the affinity between the corresponding product laws.
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Lemma C.1. For every integer pg > 1, there is a constant Cy = Co(po) > 1 with the following property. Let
C C © be nonempty, compact and convex, with dimaff C < pg and diam,(C) < 2. There is ¢ € relint C' such
that the envelope p := supgcc po satisfies, for every v € © and 1/2 < a <1,

/ pdv < O, (14)
X
/ Vb dv < Gl te M OO, (15)
X
/ Py P dv < G Pem (mam:0)/2, (16)
X

Proof. Write m = dimaff C. If m = 0, then C = {¢} for its unique point ¢, and p = ps. The first assertion
follows from normalization, the second from 7 and the third by interpolation between the affinity bound and
fx pp dv = 1. We may therefore assume m > 1.

Choose an ellipsoid of maximum volume in C, considered within its affine hull, and let ¢ be its center. John’s
theorem [I7] supplies a linear isomorphism 7" : R™ — aff C — ¢ such that Bf* C C' .= {z e R™ : ¢+ Tz €
C} C mBY*, where B3" is the closed Euclidean unit ball. In these coordinates, C’ contains the unit ball and is
contained in the ball of radius m.

Fix a coordinate ¢ and a point z;. The function z — f; y4+7.(z;) is affine and nonnegative on C’. If its value
at zero is zero, nonnegativity on the unit ball forces its linear part to vanish. It is then zero throughout C’.
Consequently, all coordinate densities indexed by C' vanish wherever f; 4 vanishes.

On the set {f; 4, > 0}, we may write % = 1+ (¢, 2), where ¢; is a measurable vector-valued function of

the ith observation. Nonnegativity for every [Iz]l <1 implies ||¢;|] < 1: otherwise, choosing z = —¢;/ ||¢;|| would
make the right-hand side negative. Normalization of the densities also gives

1= fi,d)JrTz dy; =1+ <E¢Ci, Z> R S B;n,
X;
and hence Egc; = 0, where the expectation is taken under the ith coordinate law corresponding to ¢.

The bounded Hellinger diameter controls the total variance of these linear coefficients. For x € [-1,1], 22 =

(VIitz—-12VI+z+1)2<1+v2)2/1+z—1)2 For a unit vector v, both ¢ and ¢ + Tw belong to C,

2
and the common support property gives h?(¢, ¢ +Tv) = E, (\ /1+ {c;,v) — 1) . Summing the preceding scalar
inequality therefore yields

S Eglen 0)? < (14 V3PR(6, 6 + To) < 41+ VY. (a7

Put S =37, ¢; and define W = p/py on {pys > 0}. For every z € C’, the likelihood ratio satisfies

PotTz _ ﬁ(l + {ci, 2)) < exp (i(%@) = (52,

Pe i=1 i—1

The inequality uses 1 + 2 < e* and remains valid if a factor vanishes. Since C/ C mBY", taking the supremum
gives W < ™IS,

We next bound the second moment of this envelope ratio. If X is centered and |X| < 1, then
Ee'® <exp((e' —1-tEX?), t>0. (18)

Indeed, the scalar inequality e'® < 1+ tz + (¢! — 1 — t)2? holds for —1 < x < 1. Taking expectations eliminates
the linear term, and 1 + a < e® gives .

Choose a 1/2-net U of the Euclidean unit sphere with at most 5™ points. For every s € R™, this net satisfies
sl < 2max,ey(v,s). Consequently,
w2 < 2mlslh < Z edm(v,S)
veU
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Under Py, the vectors ¢; are independent. Applying to each centered variable (v, ¢;), and then using ,
gives

E¢e4m<”’s> = HE¢e4m(”’c"> < exp ((e4m —1—4m) ZE¢<U, ci)2> ,

i=1

<exp(4(e*™ — 1 —4m)(1 + V2)?).

i=1

It follows that
E W2 < 5™ exp(4(e*™ — 1 — 4m)(1 + v2)?) < Co(po),

where Cy may be chosen uniformly over 1 < m < py and enlarged to cover m = 0.

Every density indexed by C vanishes outside {ps > 0}. Hence
/Xpdz/ = E,2W < (EsW?)V2 < G2,

which proves .

To obtain a bound that retains the distance from an arbitrary v € O, define X = /p,/py on {py > 0} and set
it to zero elsewhere. Then

Ey,X = / Ve dr,  EgX?= / pydr < 1.
x {py>0}

Two successive applications of Cauchy—Schwarz give
Eg[XVW] = Eg[VXVXW] < (BsX)"2([Es XW)'/? < (Eg X)'/2(Ep X*) V4 (EW?) /1.

Since the left-hand side is f v V/Pypdr, equation implies

[ Vipav < cyfieraon,
x
proving .

Finally, for 1/2 < o < 1, write

l-a-a — (

PP 2(1—a) p2a—1

PyP) 2

The exponents 2(1 — «) and 2« — 1 are nonnegative and sum to one. Holder’s inequality, followed by

and , yields

2(1—a) 2a—1 )
/ p}f’lﬁo‘ dv < (/ \/Mdy> (/ pdy) < 03/26—(1—a)h (v.9)/2
x X X

Since Cy > 1 and « < 1, this implies . The endpoint « = 1/2 follows directly from . O

The local lemma bounds the likelihood envelope on a set of controlled Hellinger diameter. To apply it to all of
O, we need a covering estimate that depends only on the affine dimension. The next lemma obtains such an
estimate directly from convexity.

Lemma C.2. Let p=dimaff ©, fir v € O, and let R > 1. Every subset of
Or:={0 € 0O6:h(v,0) <R}

whose distinct points have h-distance strictly greater than one contains at most (4R)?P points.

Proof. The set ©g is compact by continuity of h and convex by convexity of squared Hellinger distance in its
second argument. Consider a finite separated set 61, ...,0x € Or. Set t = (4R)~? and define H; := (1—t)0;+tOr
for 1 <j < N. Each H; is a contracted copy of ©r centered toward 6;, and convexity gives H; C Or.
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For every § € Og, equation and the triangle inequality imply

h((1—1)0; +18,0;) < Vith(B,60;) < VE(h(B8,7) +h(7,0;)) < 2RVE = %

Thus every point of H; lies within Hellinger distance 1/2 of §;. If H; and Hy shared a point, the triangle
inequality would imply h(6;,8x) < 1, contrary to the separation assumption. The sets H; are therefore pairwise
disjoint.

Let r = dimaff Og < p. If r = 0, the set Og is a singleton, so N < 1. Otherwise, ©r has finite positive
r-dimensional volume within its affine hull. Under dilation by a factor ¢, the volume is multiplied by ¢". Since
the disjoint sets H; are all contained in O,

N
Nt"vol(Or) = » _vol,(H;) < vol,(Or).
j=1

Since vol,(Or) > 0, it follows that N < ¢t~" = (4R)? < (4R)?. Any separated set with more than (4R)?" points
would contain a finite separated subset with the same property, contradicting this bound. O

Proposition C.3 (Affine likelihood maximal inequality). For every integer pg > 1, there is a constant C’;f < 00
such that every affine family above with dimaff © < pg satisfies, for every v € © and v > 0,

P, {sup Po e“} < C’;f(l +p)Potley,
9€0 Py

The likelihood ratios are evaluated on {p, > 0}, which has full P.-probability.

Proof. Fix v € ©. Partition © into Hellinger shells
Se:={0€0:L<h(y,0) <l+1}, £=0,1,2,....

In every nonempty shell, choose a maximal collection {6, ; : 1 < j < N,} whose pairwise distances are strictly
greater than one. Lemma applied with radius £+ 1, gives N; < [4(£+1)]?"°. By maximality of the separated
family, for every 6 € S, there exists an index j such that h(6,6,;) < 1; otherwise, § could be added while
preserving pairwise distances strictly greater than one. Hence the sets Cy; := {6 € © : h(6,0,,;) < 1} cover Sy.
Continuity of h and compactness of © imply that each C¢ ; is compact, while joint convexity of squared Hellinger
distance together with the affine dependence of the densities on ¢ implies that each Cy ; is convex. Finally, the
triangle inequality gives diam,(Cy ;) < 2.

Apply Lemma to each cell. Let ¢ ; € Cy; be the resulting reference point and let py ; = supgec, . Po- Since
h(¢e,j,0e,;) < 1and h(v,0,;) > ¢, the triangle inequality gives h(vy, ¢¢ ;) > (¢ — 1), where a4 = max{a, 0}.

Write Pmax = Supgeg Po- The cells cover ©, S0 Prax < Zé,j De,j- For 1/2 < o < 1, subadditivity of  — z® on
nonnegative numbers gives p,, < >, ; D¢ ;- Integrating and applying , we obtain

[ By < Caln) /2 Y la(e + e -
x >0

Put e = 1—a € (0,1/2]. Throughout the remainder of the proof, C,,, denotes a finite positive constant depending
only on pgy, whose value may change from line to line. After separating the first three terms and comparing the
rest with a Gaussian integral,

Z(g + 1)2Poe—5(5—1)2+/2 < Oy, (1 _|_/O (1+ m2po)e—sm2/8 dx) < Cpog—(po+1/2).
£>0

The last inequality follows by substituting y = \/e . Since € < 1, enlarging C,,, gives

/ p’lyial_)?nax dv < CPO(1 - O‘)i(pOJrl)'
X
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Let Lmax = Pmax/Py o0 {py > 0}. The last integral is E, L%, . If v > 1, choose « =1 — (1 +0v)~! € [1/2,1).
Markov’s inequality gives

Po{ Liax > €°} < e E, L2, < Cpo (1 +v)Potte vt/ < 0 (1 4 g)Potlev,

max

For 0 < v < 1, the same form follows from the trivial bound IP’W{LmaX > eV} < 1 after enlarging the constant.
Denoting the resulting constant by C’;}f proves the proposition. O

All likelihood envelopes used above are measurable because the dependence on 6 is continuous and their suprema
can be taken over countable dense subsets of the relevant compact subsets of O.

Proof of Lemma|2.4 For each i, let v; be the actual distribution of Y;. To apply Proposition we need an
affine family of normalized densities that contains the constant density one. We therefore enlarge the set of trace
one matrices to the trace ball of positive semidefinite matrices

Slf’hgl ={M=M">0:tr M <1}, fim(y) =1 —tr M +y" My.

These functions are nonnegative because 1 —tr M > 0 and y' My > 0. They depend affinely on M, and the
second moment assumption gives

/ fimy)dv(y) =1 —tr M + tr(ME[Y;Y;"]) =1 —tr M +tr M = 1.
Rk

Hence they are densities relative to the coordinate laws v;. At M = 0, every density equals one, so the corre-
sponding product law is exactly the true joint distribution of the observations.

The space of symmetric k X k matrices has dimension k(k + 1)/2. Put pg = (d+ 1)(d +2)/2. Since k < d + 1,
Proposition gives

]P’{ sup HfZM(YZ) > ev} < C;‘f(l +v)Patlem?, v>0.

MESi,Sl i=1

Every feasible matrix A in the theorem belongs to Si, <1 and satisfies f; 4(Y;) = YiTAY,». Therefore the event in
the theorem, with threshold v, is contained in the event on the left-hand side of the preceding inequality.

It remains to absorb the polynomial factor into the logarithmic correction. Choose aq > pg + 1 sufficiently
large that C’;dﬁ(ad + 2)patlepatl=aa < 1 Such a choice is possible because exponential decay in a; dominates
polynomial growth. For u > e, set v = u + aglogu. Since 1 < w and logu < u, one has 1 +v < (aq + 2)u.
Consequently,

Cgﬁf(l +o)Patle™ < e‘“C’;f(ad 4 Q)Patlypatl=as < pmu,

The last inequality uses u > e and the choice of ay. This proves the theorem. O

D PROOF OF THE MULTIVARIATE CHERNOFF BOUND

Let P, ..., Py be Borel probability measures on R? with finite second moments, and let X denote the canonical
random vector on R?. Write

Wi = Epi [X], Y= COVpl.(_Xv)7 A= ||EiHop > 0.

For a proposed common center z, the quantity ||u; — z||? /A; is its squared distance from the ith mean in units
of that distribution’s largest variance. Define

2
R := min max 7”/“_2"
" ZERAI<i<N Ao

Thus /R is the smallest p > 0 such that the closed balls B(u;, pv/Ai), 1 < i < N, have a common point. The
minimum is attained because the objective is continuous and tends to infinity as ||z|| — 0.
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We first consider the setting of Lemma [3.1] in which every normalized distance equals the common maximum
at a minimizing center and strictly positive weights make the weighted displacements from that center sum to
zero. The boundary equalities place z* on every optimally inflated ball, while the balance relation is equivalent
to the first-order optimality condition for the maximum of the normalized squared distances: the corresponding
positive gradient multipliers may be taken proportional to v; ;.

The argument applies to arbitrary configurations of the means, including coincident points and configurations
contained in a proper affine subspace. Convex optimality together with Carathéodory’s theorem [2] Section 1.2
will later identify a subset of at most d + 1 distributions that satisfies the same boundary and balance conditions
while preserving the optimal squared normalized radius.

The proof of Lemma [3.1] separates the leading coefficient from the remainder. We first bound a weighted
distributional affinity by a scalar entry of a matrix constructed from the first two moments. We then expand
this matrix entry around zero separation. A recursive coefficient estimate will give the loss R/2, while a relative
perturbation argument will bound all higher order terms uniformly over the covariance scales.

D.1 Reduction to at most d + 1 distributions

Lemma |3.1] applies when every constraint in the family is tight at a minimizing center and strictly positive
weights satisfy the required balance relation. A general finite family need not have these properties for every
distribution. Convex optimality and Carathéodory’s theorem allow us to retain at most d+ 1 distributions while
preserving the optimal squared normalized radius and the required balance relation.

Corollary D.1 (Carathéodory reduction and Chernoff bound). Let Py, ..., Py be Borel probability measures on
R? with finite second moments, means ju;, covariance matrices ¥;, and positive covariance scales \; = ||Ei|\0p.
Define

2
R := min max M
T ZeRIIKISNG N

If R > 0, there exist a minimizing center z*, a subset I C {1,..., N} with 2 < |I| < min{N,d + 1}, and weights
v >0 fori e I, with ) ,.;vi =1, such that

=R\ (el), > ylm—=2)=0,
el

H,Uz' —z*

and the subfamily (P;);c; has the same optimal squared normalized radius R.

Consequently, for every finite N, if 0 < R < [1024(d + 1)?]71, then
* R 3 p2
C*(Py,.... Py) = o = T000(d + 1)°R.

The proof is given in Appendix
This lower bound complements the upper bound in Corollary Section [4.1] uses their incompatibility under

an empty-intersection assumption to construct a common center.

D.2 Normalization under the boundary and balance conditions

Under the assumptions of Lemma[3.1] translate every distribution by —z*, so that the minimizing center becomes
the origin. This common translation preserves both R and the multivariate Chernoff divergence. Define the
normalized mean vectors by m; := p;/v/R. The boundary equalities now give ||m;|| = v/X;. Thus the normalized
mean vectors retain the individual covariance scales, while the observed separation enters explicitly through v/R.

Dividing the barycentric balance relation by v/R gives

N N
vi >0, d =1, > yimi = 0. (19)
=1 i=1

Relabel the distributions so that 0 < Ay < Ay < --- < Ay. We will combine their moment matrices in this order.
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We next introduce the cumulative weights and barycenters that determine the matrix interpolation parameters.
Define I'; = >7_, 7, for 1 < j < N, and let ¢; = ~,;/I'; for j > 2. Since every +; is positive, 0 < ¢; < 1. Define

ayp = )\1, b1 =m, aj = (]. — tj)aj,1 + tj)\j; bj = (1 - tj)bj,1 + tjmj. (20)

The quantity a; is a scalar covariance scale, and b; € R? is the normalized barycenter of the first j mean vectors
with weights proportional to 71, ...,7;. Induction gives

1 J 1 J
aj = FjZ’YiAiv bj = F*]Z%ml
i=1 =1
In particular, the balance relation implies by = 0. Jensen’s inequality and ||mi||2 = \; give

1 J

2 2

1B 11* < == D> lmill* = ay. (21)
Ji=1

The scale ordering also implies a; < A;.

D.3 Bounding affinity by matrix geometric means

For positive definite matrices A, B and 0 < 6 < 1, the weighted matrix geometric mean is A#¢B :=
AYVZ(ATV2BA-Y/2)0 AV/2; see [, 18, B8]. For positive scalars, this reduces to a#eb = a'~%0?. We use the
standard integral representation [4]

A#oB = cp /0 P1AT 4B d ey e SR (22)

™

The map (A, B) — A#B is monotone in each argument and jointly concave [4] [I8]. These properties can also
be seen directly from the variational formula

v (AT +tB ) lw= inf {yTAy+t (v—y) Bv-y)}, t>0.
yERd+1

For fixed y, the expression inside braces is linear in (A4, B); its infimum is therefore concave. Increasing either ma-
trix increases every expression being minimized, which gives monotonicity. Integrating preserves both properties.
The scalar inequality ¥ < (1 — ) + 0z, applied through spectral calculus, also yields A#¢B =< (1 —0)A + 6B.

For a real parameter w, define the augmented upper moment matrix

M0 = (e st i)

wm;  MNlg+ meimi

The parameter w varies in the expansion; the actual distributional moments correspond to w = v/R. The

factorization .
1 0 1 0 1 wm,

shows that M;(w) is positive definite for every real w.

Let v(x) = (1,2 7)T. For block notation on (d+ 1) x (d + 1) matrices, we index the leading scalar coordinate by
1 and write x for the remaining d-dimensional block; thus Hy1, H,1, and H,, denote the corresponding blocks
of a matrix H. The actual augmented moment matrix of P; is

(1 z

Since p; = VRm; and %; < A\ 1q,

0 0
M;(VR) - S; = (0 NIy — Ei) = 0.
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Thus the matrices MZ(\/R) retain the means exactly and replace each covariance by its isotropic upper bound.

The interpolation weights used for the matrix geometric means must be chosen carefully. Given 0 < 7 < s and
an averaging weight 0 < ¢ < 1, let £ = (1 — t)r + ts. We choose a geometric mean exponent @ so that its scalar

output equals this arithmetic average: r'=%s? = ¢. For r < s, taking logarithms determines  uniquely. Define
Lg(WT), r< s A sit) Lor<s
19(7’, S5 t) = IOg(S/T) \II(T7 S5 t) = t(]_ S_E)T
t, r=s, _ r=Ss.
2r

The value assigned to ¥ at equal scales is its continuous limit. Indeed, with e = (s —r)/r,

.y log(1+te) t(1—1¢) 9
Ir, s;t) = Tog(1 £ 2) =t+ 5 e+ 0(e%),

so (W(r,s;t) —t)/(s—r) = t(1 —t)/(2r). Concavity of the logarithm gives 9(r, s;t) > ¢, and hence ¥(r, s;t) > 0.
For j > 2, set 0; = ¥(aj_1, Aj;t;). This is well defined because aj—1 < Aj—1 < A;j. Now define
Fl(w) = Ml(w), F](w) = ijl(w)#eij(U}), 2 S] S N (23)

At w = 0, the matrices are block diagonal, and the choice of 8; ensures F;(0) = diag(1, a;I4). Thus the zeroth
order covariance block follows the arithmetic scale average in . The next subsection will show that the
first-order mean block follows the corresponding vector average b;.

Let G;(By, ..., Bj) denote the same nested mean applied to arbitrary positive definite inputs, with the exponents
0s,...,0; fixed. Then F;(w) = G;(M1(w),..., M;(w)). Joint concavity and monotonicity of the binary mean
imply, by induction, that G; is jointly concave and monotone in all its arguments.

The scalar weights associated with the final nested mean form the vector § = (81, ..., Sx), where
N N
Br=[]0=0), Bi=0; [[ 0=06r), 2<i<N.
k=2 k=i+1

They are positive and sum to one. At each stage, the previous weights are multiplied by 1 — §;, and the new
input receives weight ;. In particular, for positive scalars z;, Gy (z1,...,2n) = Hf\;l chl Repeated application
of the matrix arithmetic-geometric mean inequality also gives Gy (Bi, ..., By) =< Zfil B:B;.

Lemma D.2. For the weight vector (8 defined above,

N
/R T p@* dvw) < (Fv(VB,

where v = N1 Zivzl P; and p; = dP;/dv.

Proof. We regularize the rank-one matrices appearing in the integrand so that every matrix mean is evaluated
on positive definite inputs. For n > 0, define B; ,,(z) := p;(z)v(z)v(z)" + nlsp1. Joint concavity gives

/ G (Bin(@), s Br()) dv() < G (s + nlasts - s Sy + 1lass).
R

Since S5; = Mz(\/ﬁ), put J\Zm = Ml(\/ﬁ) + nlgr1.  Monotonicity bounds the right-hand side by

OGN (M, s My y).

For each fixed x, all the matrices B;,(z) commute. On the line spanned by v(z), their eigenvalues are

pi(z) ||v(z)||* + 1, while on its orthogonal complement every eigenvalue equals 7. The scalar formula for the
nested mean therefore shows that

N
GN(Biy(2), .-, Bny(@)) — (Hm(m)ﬂi> v(z)o(@) (14 0).
=1
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The factor |[v(z)||* has the correct power because > Bi=1
For 0 < n < 1, the arithmetic upper bound gives

N
1G5 (Bin(@), -+ s By (@)l Z ipi(2) lo(@)|* + 1.

This dominating function is integrable, since [,, pi(z) [v(z)]|? dv(z) = 14+ Ep,[| X|]*] < co. Dominated conver-
gence on the left and continuity of the matrix mean on positive definite inputs on the right yield

N
. (Hm(x)ffi) v(z)u(e)" dv(z) < Fx(VR).
- \i=1

The first coordinate of v(z) is one, so taking the (1,1) entry gives the desired affinity bound. O
The remainder of the section is organized around the scalar certificate fy(w) := [Fn(w)]11
1
Wi < fn(VR), fn(w) =1 —cyw? + O(N3wh), N > 7

The next three subsections derive the coefficient recursion, introduce the scalar functional used to propagate it,
and prove the sharp bound ¢y > 1/2; the subsequent perturbation estimate makes the fourth order term uniform
over all ratios of covariance scales.

D.4 Second-order expansion of the matrix geometric mean

The affinity certificate reduces the problem to the behavior of [Fiy(w)]11 near w = 0. To compute its quadratic
term, we first analyze one binary geometric mean. The calculation distinguishes the exponent #, which weights the
incoming quadratic coefficients, from the averaging weight ¢, which determines the first-order mean coordinate.

Lemma D.3. Suppose A(w) and B(w) are analytic matriz-valued functions near zero, with even diagonal blocks
and odd off-diagonal blocks, and, for some real coefficients ca,cp,

(1 —cquw?+ O( Y w) "+ 0(w?)
Alw) = ( wu + O(w?) rly+Ow?) )’
B(w) 1 —cpw? + O(w4) w(v) " + O(w?)
B wv + O(w?) sly+O0(w?) )’
where 0 <r < s and u,v € R?, Let 0 <t <1, = (1—t)r +ts, and 0 =I(r,s;t). Then

(A#toB)11 = 1= (1= O)ea + b + W(r, 1) [lu— o] w? + O@w?),
(A#B) 1 = w((1 — t)u + tv) + O(w?),
(.A#@B);m 01+ O(w2).

The proof is given in Appendix [I}

The hypotheses of the lemma hold for the nested matrices near zero. Each input M;(w) has even diagonal blocks
and odd off-diagonal blocks, and this parity is preserved by the geometric mean. Starting from F; = M; and
applying the lemma successively gives the full block expansion

1—cjw?+0(w) wb! +0(w?)
Fi(w) = J j
i) ( wbj + O(w?) ajly+ O(w?)
In particular,
[Fj(w)]11 =1 = ¢jw? + O(w?), (24)

where
=0, ¢ = (1 =05)ci—1+ ¥(aj-1, )it )||bj—1_ij2- (25)
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The recursion has a direct interpretation. Each step retains a fraction of the coefficient already accumulated and
adds a nonnegative contribution from the discrepancy between the current average mean and the next mean.

The remaining difficulty is quantitative: nonnegativity of the increments in does not by itself imply cy > 1/2.
The obstruction is that the geometric mean exponent ¢; and the barycentric weight ¢; differ when the covariance
scales are unequal. The needed lower bound can instead be encoded by a scalar functional determined by two
moment constraints.

D.5 An auxiliary functional for the coefficient bound

Fix 0 < r < s and u € R? with [|u]|® < r. There is a unique pair (w, x) € [0, /7] x [0, 1] satisfying
Q=X +xs=7r, (1-x)w—xVs=|ul. (26)

Equivalently, the two-point distribution supported at w and —+/s, with masses 1 — x and x, has first moment
|lu]| and second moment 7. When u # 0, orienting the supporting line along u gives vector mean u. For r < s,
the solution is )
w:r—i—HuH\/E7 X:r—w’
Vs luf s —w?
while for r = s one has w = /r and x = (1 — ||ul| /+/7)/2.

These constraints define the associated functional
Dy (r,u) = U(w?, 55 x) (W + V)%,

where (w, x) is the pair in and V¥ is extended continuously to x = 0, 1. For fixed upper scale s, the functional
records the quadratic coefficient contributed by the corresponding two-point distribution.
For s > 1 and 0 < p < 1, define the normalized coefficient
D,(1, pe)

1—p2 7
where e is any unit vector. Rotational invariance of the defining two-point constraints makes this definition

independent of the choice of e. The scalar properties needed for the induction are collected in the following
lemma and proved in Appendix [J]

Lemma D.4. For 0 <r < s and |[ul* <,

1 Julf?
0§<I>s(nU)§§ 1-— )

Q(s, p) == (27)

r

For fized (r,u), the map s — ®s(r,u) is nonincreasing on [r,00). In the normalization , for each fixed s > 1
the map p — (s, p) is nonincreasing on [0,1). Moreover,

By(r,0) = % ®,(r,u) =0 when |ul® =r. (28)
At equal scales,
<I>7n(7'u):1 1—M . (29)
’ 2 r

The proof is given in Appendix [J] The normalized coefficient makes explicit the monotonicity in the residual
mean magnitude that is used in the propagation argument.

The induction also uses the following propagation property.
Lemma D.5. Let 0 <r <s, 0<t <1, and put £ = (1 —t)r +ts and w = (1 — t)u + tv. If||u||2 <7 and
ol = s, then |[w]® < ¢ and

(1= 9(r, s;1)) @s(r,u) + U(r,s;t) |lu— o)) > @0, w). (30)
The proof is given in Appendix [K| The key reduction is one-dimensional: among vectors v with |[v]|> = s,

the antiparallel orientation gives the smallest updated norm. In that configuration, the representation defined
by is preserved by the update, and the coefficient identity reduces to the composition rule for W.
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D.6 The sharp coefficient bound

The functional yields an invariant directly in the variables (a;, b;, A;).
Proposition D.6. The coefficients defined in satisfy
c; > @y, (ay, b)), 1<j <N (31)

In particular, ey > 1/2.

Proof. At j =1, one has a; = A; and ||by||> = ||m1|* = A1. Hence gives @y, (a1,b1) =0=cy.
Assume holds at stage j — 1. Since A; > X;j_1, Lemma[D.4] gives

cj1 > Py, (aj_1,05-1) > Py, (aj_1,b5-1).
Apply Lemma [D.5] with

r=aj—i1, S:)\j, t:tj, u:bj,l, v =my.

The assumptions hold by and ||ij2 = \;. Moreover, gives £ = a; and w = (1 —¢;)bj_1 +t;m; = b;.
Combining the coefficient recursion with the preceding lower bound and . 30) yields

¢j = (1= 0;)®x (a5-1,b5-1) + U(aj 1, A1) [bj—1 — my |
> q))\ (ajvbj)a

J
which proves by induction.

Finally, the balance relation gives by = 0. Therefore implies ¢y > @y, (an,0) = % O

At the terminal step the balance condition forces the residual mean to vanish, and the functional then equals 1/2
for every remaining scale ratio. The resulting coefficient is therefore independent of both the ambient dimension
and the heterogeneity of the covariance scales.

D.7 TUniform control of the remainder

The coefficient bound must be paired with a remainder estimate that is uniform over all ratios of covariance
scales. The following proposition provides the required analytic control.

Proposition D.7. For the ordered matrices in (23)), the function fn(w) = [Fy(w)]11 eztends holomorphically
to a neighborhood of |w| < 1/(16N) and is even. With cy as in (24)),

30,4
|fN (1 —cenw )’ < 7000N°|w|*, |lw| < N

The bound is independent of the ambient dimension and the ratios of covariance scales.

Aal/Z(A - AO)Aal/QHOp and apply Lemma

Proof of Proposition[D.7, We use the relative error erra,(A) =

to the matrices M;(w). Put u; = m;/+/A;, so that |lu;|| = 1. Direct normalization gives
T
1/2 2 _ (1 w(u;)
MO M) = ()

The off-diagonal perturbation has operator norm |w|, and the lower-right perturbation has operator norm |w|?.
Hence, also for complex w,
ertay, (o) (Mi(w)) < |w| + Jwl?. (32)

The right-hand side is the same for every i, regardless of \;.

The error map 7T'(¢) = /(1 — 2¢) in Lemma [H.1| has the explicit iteration formula T°%(¢) = ;=5:—, as long as the
denominator is positive. Indeed, the formula is immediate for k = 0, and applying T once more replaces 1 — 2ke
by 1 —2(k + 1)e.
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Choose p = 1/(16N) and g9 = 17/(256N). For |w| < p, inequality gives |w| + |[w|? < 3% + a7 < €0 At
the jth stage, the first input to the binary mean has undergone j — 2 previous perturbation steps, while the new
input still has error at most £o. Since T'(¢) > ¢, both inputs can be bounded by T°U~2)(gy). Induction using
Lemma [H] therefore gives

€0

ety o (Fj () < TV (e0) = 57—y

lwl < p.

All intermediate errors are less than 1/2, so each application of the lemma is valid. At the final stage,

17 17
< < ,
T 222N 434 T 222N

errpy (o) (Fv (w)) lw| < p.

The baseline matrix is Fy (0) = diag(1,anIy). Its first diagonal entry is one, so the relative-error bound directly
controls the scalar function fy(w) = [Fn(w)]11. We obtain |fy(w) — 1| < 17/(222N) for |w| < p. The strict
margins in the perturbation estimates also show that fy is holomorphic on a neighborhood of this closed disk.

To identify the powers that can occur in its Taylor expansion, let J = diag(1,—1I;). The identity M;(—w) =
JM;(w)J and invariance of the geometric mean under conjugation by J imply Fy(—w) = JFy(w)J and
fn(—w) = fn(w). Thus fx is even. Its second-order coefficient is the one computed in , and we may
write

fn(w)=1- enw? + ZGka2k

k=2

Cauchy’s coefficient estimate on the circle |w| = p gives |agy| < o p 2F for k > 2. For |w| < p/2, put
x = |w|/p=16N|w| < 1/2. Summing the resulting geometric series yields

4

> X
[fv(w) = (1 —enw?)| < g5 Z 222N T2

Since 1 — 2% > 3/4, we conclude that

(1— < T000N3|w]|* < .

4
Indeed, the coefficient obtained directly from the preceding estimate is 22127N - (11211\[/)4 = 4422348N 3 < 7000N3.

This establishes the required fourth order remainder uniformly over all ratios of covariance scales. O

D.8 Proof of the multivariate Chernoff divergence bound

Proof of Lemma[3-1 Let 3 be the weight vector generated by the ordered nested mean. If 0 < R < 15517z, then
Proposition applies at the actual separation parameter w = v/R.

Write Wg = fRd vazl plﬁ dv. Lemma Propositions and give
R
Ws < fn(VR) <1 —cyR+ T000N®R? < 1 — 5+ T000NR?.

If Wg = 0, then C*(Py,...,Py) = +00, and the conclusion is immediate. Otherwise, the definition of the
multivariate Chernoff divergence and the inequality —logx > 1 — = for z > 0 imply

R
C*(Py,...,Px) > —logWs > 1 —W; > 3~ 7000N3R2.

This is the asserted bound. O
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D.9 Proof of the Carathéodory reduction

Proof. For each i, write f;(2) = H*“ 2I® and f(z) = maxi<;<n fi(z). The function f is continuous and coercive,
so it attains its minimum at some z* Let It = {i: fi(2*) = R} be the active index set at z*.

Each f; is differentiable and convex, with gradient V f;(z) = 2(Z>; 1) The subdifferential of a finite maximum of
differentiable convex functions is the convex hull of the gradients corresponding to the active indices. Since z*

minimizes f, we therefore have
i — 2% .
0 € conv 21 € Loey p -

Ai
Carathéodory’s theorem [2, Section 1.2] gives a subset I C I, containing at most d 4+ 1 indices and coefficients

«; > 0 such that
>ai=1, o F 2o

el i€l

Discarding any index with zero coefficient leaves strictly positive weights. Define v; := (i /Ai)/ 32 (e /A;) for
i€l Then v >0, c;vi=1and >, ;vi(u —2*) =0.

[l =z |12
X

Because every retained index is active, = R for i € I. We next verify that the retained subfamily has

the same minimum. For any z € R?, convexity gives f;(z) > fi(2*) + Vfi(2*) T (z — z*). Multiply by a; and sum
over I. The gradient terms cancel, Whlle fi(z*) = R for every i € I, s0 ), .; a;fi(z) > R. Since a maximum is
at least any convex combination, max;er fi(2) > >,c; aifi(2) > R. At z = z*, every retained constraint equals
R. Hence )

min max M =R.

zeR4 i€l i
Thus the subfamily has the same minimizing center and optimal squared normalized radius and satisfies the
boundary and balance conditions of Lemma

The subset contains at least two indices: a singleton would force p; = z* by the balance relation, which would
give f;(z*) = 0 and contradict R > 0. Therefore 2 < |I| < min{N,d + 1}.

Under the stated bound on R, VR < T3aFT) +1) < T Lemmatherefore applies to the retained subfamily and
gives

R
C*((Pier) = 5 — T000[I 2.

Every admissible weight vector for the multivariate Chernoff divergence on this subfamily extends to the full
family by assigning zero weight to indices outside I. Because factors with zero weight are omitted,

C*(Pl, ey PN) > C*((Pz)zel>

Since |I] < d + 1, the claimed bound follows. O

E CONSTRUCTION WITH THE THEORETICAL THRESHOLD

We record the construction with the theoretical threshold used to expose the statistical mechanism in detail.
Each accepted candidate specifies a Euclidean ball of possible estimates. The main point is to prove that these
balls have a common intersection, even though their centers and covariance scales may differ arbitrarily. The
computational construction in Section [5| uses the same deterministic intersection argument with computable
thresholds.

Throughout this section, let aq be the likelihood calibration constant from Lemma [2.4] and put

T,
L=1log(1/s), Ty=L+aglogl, s4= Fd by = 7000(d + 1)°. (33)

Define the squared radius factor
ka(x) = 2z(1 + 16bgx), x> 0. (34)
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The leading term 2z corresponds to the coefficient 1/2 in the Chernoff divergence lower bound. The additional
term compensates for the quadratic remainder in that bound.

At threshold Ty, a candidate (m, V) is accepted if L, (m, V) < Ty, and we associate with it the ball

B(m.,V) = B(m. \[ra(sa) IV, ) -

This is the specialization of the main construction to (7', s) = (T4, sq¢). When V = 0, the ball is the singleton
{m}.

The set of accepted candidates is nonempty for every realized sample. Indeed, define the empirical mean and
covariance

1 & ~ 1 _ _
:EE X;, zn:fE (X; — X)X, — X,)".
j=1 j=1

The centered sample vectors span Range(E ), so every observation belongs to X,, + Range 5 n)- Moreover, the
empirical measure P, has mean X,, and covariance En, hence P, € M(X,, 5 n)- Lemma [2 . therefore gives

Ln(X,,5,) =0. (35)

Thus (X,,3,) is always accepted.

We may take aq to be a positive integer by increasing it if necessary. The required parameter restrictions are
verified in Appendix [F-1]

E.1 Acceptance of (u,Y)

Let the observations have mean g and covariance ¥ > 0, and write r = rank(X). We first verify that the pair
(1, ) satisfies the hypotheses of the likelihood maximal inequality, including when ¥ is singular.

Ifr > 1, write X = UAU T with UTU = I, and A - 0. For any vector a in the null space of &, E[(a (X;—p))?] =
a'Ya = 0. Apply this identity to a finite basis of the null space. It follows that X; — i is orthogonal to that null
space, and hence belongs to Range(X) almost surely.

The normalized observations Z; = A~'/2UT (X; — ) therefore satisfy EZ; = 0 and E[Z; Z;'] = I,.. After adjoining
the constant coordinate, the vectors Y; = (Zl) € R™*! satisfy

1 0
BT = (5 f) =t
Since r +1<d+1 and L > e, Lemma gives

P{L,(11,%) > Ty} <e F =4 (36)

If ¥ = 0, then X; = p almost surely. The rank zero statistic is identically zero, so also holds in this case.
Thus the pair (u,Y) is accepted with probability at least 1 — §, including when ¥ is singular.

E.2 Common intersection and measurability

The intersection of every family of at most d + 1 balls associated with accepted candidates is established in
Appendix

The argument compares an upper and a lower bound on the multivariate Chernoff divergence. Put s = s4 and
suppose that at most d 4+ 1 balls associated with accepted candidates have empty intersection. Corollary [2.3]
supplies representing distributions with C* < s. Lemmal[F.I]allows a common Gaussian convolution with squared
normalized radius k4(s). Data processing (Lemma preserves the upper bound, whereas Corollary gives,
for the smoothed family,

c* > /de(s) — bgra(s)? > s.
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The strict inequality follows from the chosen inflation in and the parameter restrictions. This contradiction
establishes the finite intersections needed below.

Helly’s theorem in R? [2] [14] now implies that every finite subfamily of balls associated with accepted candidates
intersects. By , the empirical pair is always accepted; fix its ball

By = B(X,,%,).
Every finite collection of the closed sets By N B(m, V'), with (m, V') accepted, has nonempty intersection. Since
By is compact, the finite intersection property gives a nonempty full intersection.
Thus the intersection obtained with the theoretical threshold is

C(Tu,sq) = ﬂ B(m,V).
(m,V): Lyn(m,V)<Tq

It is nonempty, closed, convex, and contained in the compact ball By, hence compact. Its minimum-norm selector
is

7i(Ty, 5q) ;== argmin ||z|*.
2€C(T4,84)

The minimizer exists by compactness and is unique because the squared Euclidean norm is strictly convex.

On the event that (u,X) is accepted, the corresponding ball is one of the sets defining C(Ty, sq). Hence

17(Ta, sa) = pll < y/walsa) [[Elp- (37)

By (36), this event has probability at least 1 — 4. In particular, when ¥ = 0, the ball B(u,¥) is {u}, so the
estimator equals p almost surely.

E.3 Comparison with the Gaussian radius

It remains to express the radius in in terms of Qs(¥). Assume first that A = |||, > 0. From and

(34),
[2AL [Ty | Ty
\/ =/ ——1/ —1\/1+16b5—.
Iid(sd) " T + 16by4 N

See Appendix for the comparison bounds.
Combining , , and , we conclude that, on an event of probability at least 1 — 4,

2.2 2

Products of the remainders have again been absorbed into Cy, after enlarging L, and decreasing cq4 if necessary.
The case ¥ = 0 was already established. This proves the stated statistical bound for the selector defined with
the theoretical threshold. The selector is defined from the sample and the confidence level, while (i, ¥) enters
the analysis through the event that it is accepted.

\A(Ta, 54) — sl < [1 +cd(

E.4 Sharpness and scope of the result

We begin with the statistical lower bound used in the introduction. It shows that the leading radius in Theorem/[I]
cannot be improved even after restricting the model to a Gaussian location family.

The lower benchmark is proved in Proposition

The estimator may depend on the confidence level. For a fixed candidate (m,V’), computing the quadratic
statistic amounts to maximizing a concave function over a finite-dimensional convex matrix set. Section
addresses the additional task of computing the intersection over all accepted candidates. An isotropic reduction
and a polynomial characterization of acceptance give a polynomial-time algorithm for fixed d for the estimator
used in Theorem [l
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Finally, the comparison with Qs(X) uses the top eigenvalue scale and a scalar Gaussian quantile bound. It estab-
lishes the first-order Gaussian radius in the high-confidence regime, uniformly over covariance shapes, including
singular matrices. Determining the next order contribution of the full covariance spectrum and Gaussian sharp
accuracy at fixed confidence remains open.

Remark E.1 (Fixed dimension versus growing dimension). The constants Cy, Lg, and ¢4 may depend on d. The
theorem therefore applies to each fixed dimension as L — oo and L/n — 0; regimes in which d grows with n or
L are outside its scope.

F TECHNICAL DETAILS FOR THE ESTIMATOR

F.1 Parameter range

We first specify a parameter range in which the geometric argument applies. Choose Ly > e sufficiently large
that aglog L < L for every L > Lg, and choose

1 1 1
< —mi .
=5 mm { 64by’ 4096(d + 1)2 }

Then L > Ly and L/n < ¢q imply

poo T 2L _ [ 1 1
= min .
o = = 64by 4096(d + 1)

In particular, bgsq < 6—14 and kq(sq) < gsd < m. We may enlarge L, or decrease ¢4 later when comparing
the resulting radius with the Gaussian benchmark.

F.2 Intersection of at most d + 1 confidence balls

We next fix the observed sample and argue deterministically. Suppose that a collection of balls associated
with accepted candidates has cardinality at most d + 1. A single ball is nonempty, so it suffices to consider
2<N<d+1.

Assume, toward a contradiction, that

N
=1
Write v; = |[Vil|,, and define
2
Ry := inf max s — 2]
Z€RII<ISN v

For v; = 0, interpret the corresponding ratio as zero when z = m; and as +oo otherwise. This convention
expresses exactly the constraint imposed by a ball of radius zero.

The objective defining Ry is lower semicontinuous and has compact finite sublevel sets. Consequently, whenever
its infimum is finite, that infimum is attained. Moreover,

1<i<N V;

2 N
{z : max lImi = I < Iﬁ:d(Sd)} = ﬂ B(m;, V;).
i=1
The assumed empty intersection therefore implies
Rv > nd(sd). (38)
By Lemma each accepted candidate admits a probability measure P; € M(m;, V;) such that DKL(ﬁnHPi <
sq- The empirical measure P, is the first argument in each of these relative entropy bounds. Corollary

therefore gives
O*(Plv"'7PN)§Sd' (39)
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Let X; be the covariance matrix of P, and put A; = [|%;|,, < [[Vill,, = vi-

Two obstacles prevent a direct application of Lemma Some \; may be zero, and the separation may lie
outside the range where the local quadratic bound is useful. Convolving every distribution with the same
Gaussian resolves both issues while preserving the upper bound .

For 7 > 0, define Pi(T) = P; x* N(0,7I). The smoothed law has mean m;, covariance 3; + 714, and covariance
scale \; + 7 > 0. For 7 > 0, define the squared normalized radius

2
R(7) := inf max M,
2€RII<KN N\, + T

using at 7 = 0 the same convention as above when \; = 0.

Lemma F.1. The function R : [0,00) — [0,00] is monincreasing, continuous on (0,00), and satisfies
lim, o R(7) = R(0) and lim,_, - R(T) = 0.

Proof. For each 7 > 0, the objective is continuous and coercive in z, so the infimum is attained. On a compact
interval of positive 7 values, evaluation at a fixed center gives a uniform upper bound on the minimum. Any
minimizing center then lies in a fixed compact set because ||m; — z||> < R(7)(A; + 7) bounds its distance from
m,;. Joint continuity of the objective on this compact set shows that R(7) is continuous for 7 > 0.

Increasing 7 increases every denominator, so R(7) is nonincreasing, and evaluation at any fixed center gives
lim, oo R(7) = 0. The inequality R(7) < R(0) is immediate. For the reverse endpoint inequality, suppose that
the increasing limit as 7 | 0 is finite and choose minimizing centers z; for a sequence 7; | 0. Their objective
values are bounded, so the centers are bounded. Along a subsequence, z; — z*, and ||m; — z; I? < R(1;)(\i +75)
passes to the limit for every i. If A; > 0, this bounds the limiting ratio by lim. o R(7); if A; = 0, it forces
2* = m,;. Hence R(0) is no larger than that limit. If the limit is infinite, the reverse inequality is automatic. [

Since A; < v;, we have R(0) > Ry . Together with , the continuity and endpoint behavior of R(7) imply that

some 7 > 0 satisfies R(7) = kq(Sq)-

The smoothed laws now have positive covariance scales and separation within the range of Corollary That

corollary gives

Kd(sd)
2

The chosen inflation makes this lower bound strictly greater than s;. Indeed,

c*(P{”,... Py > — bara(sa)”.

Hd(sd)

9 - bdlid(sd)2 — 84 = bdsg [].6 — 4(]. + 16bd8d)2] .

Because bgsg < 1/64, the bracket is at least 16 — 4(5/4)% > 0.

On the other hand, the same Gaussian convolution is applied to every P;. The data-processing inequality from

Lemma followed by , gives
crp”,..., Py < Cr(Py,...,Py) < sa.

This contradiction proves that every family of at most d + 1 balls associated with accepted candidates has
nonempty intersection.

F.3 Details of the comparison with the Gaussian radius

We first bound the two inflation factors. Since Ty/L = 1+ aglogL/L and T; < 2L, the elementary inequality
V1+ax <142/2for z >0 gives

T, log L T L
\/7§1+adog : 1+ 16bg=2 < 1+ 16bg—.
L 2 L n n
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Multiplying these inequalities and absorbing the product term into a constant depending only on d, we obtain

Td Td IOgL L
—/1+16b— <1 — . 4
”L“ +6dn, +Cd(L +n (40)

For example, the product term is bounded by a constant multiple of L/n because log L/L <1 for L > e.

Next, let u be a unit eigenvector of ¥ corresponding to A\. For Y ~ N(0,X), one has (u,Y) ~ N(0,)) and
[(u,Y)| < ||Y]|. If 25 is the upper d-quantile of |Z| for Z ~ N(0,1), stochastic domination therefore gives
Q5(%) > vV z5.

We use the following scalar estimate. For all sufficiently large L, one has z5 > 1, and the Gaussian tail bounds
imply

czgle_Z§/2 <P{Z] >z} =et < 2e%/2
for a universal constant ¢ > 0. The upper tail bound first gives zg < 2(L+log?2). Taking logarithms in the lower
tail bound then yields

23 > 2L — 2log z5 + 2loge > 2L — C'log L.

After increasing the lower threshold on L, the quantity C'log L/(2L) is at most 1/2. Taking square roots and
using (1 —z)~%/2 <14 C’z on that interval gives

VAL < <1 + clOiL) Q5(%). (41)

For completeness, the matching upper comparison used in the introduction is also uniform over covariance shapes.
Write Y = 212G with G ~ N(0,1,). Since ||Y| < VA |G| pointwise,

Qé(z) § \/qu,(sa

where gq,5 is the upper §-quantile of ||G||. Put Rg = 1GI? ~ X% For L > 1, Chernoff’s bound with ¢ =
(1-1/L)/2 gives

1-1/L
P{Rg >z} < (1—20)" e = L4 eXP{_ 2/ x} .

Taking © = 2L + (d + 4) log L + 4, the right-hand side is at most e~* once L is sufficiently large depending only
on d. Hence

G5 <20+ OallogD),  Qs(%) < V2AL [1 + od(loiLﬂ |

Combining this with yields, uniformly over all nonzero 3 > 0,

Q5(%) = |25, L {1 +Od(lo§L>} .

The lower comparison has a universal constant; only the upper comparison depends on the fixed dimension.

G SHARPNESS: PROOF AND ADDITIONAL DISCUSSION

Proposition G.1 (Gaussian lower benchmark). Fiz d > 1, n > 1, 0 < § < 1/2, and a nonzero covariance
matriz X = 0. Let A = |[X|, and let @ denote the standard normal distribution function. Suppose an estimator
fi and a deterministic radius r > 0 satisfy sup,,cpa Par(usyen{|[i — pll > r} < 8. Thenr > \/A/n® (1 —4).
Consequently, for fized d and L = log(1/8) — oo, one has r > [1 — Oy4(log L/L)]Qs(X)/+/n uniformly over
nonzero % > 0.
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G.1 Proof of Proposition

Proof. Let u be a unit eigenvector of ¥ with eigenvalue . If the first claim were false, choose i with r < h <
VA/n® (1 - §) and consider the Gaussian laws with means p; = hu and g = —hu and common covariance
Y. The Euclidean balls of radius » around these two means are disjoint, so the assumed confidence guarantee
induces a test between the two hypotheses with error at most ¢ under each hypothesis.

For n observations, the optimal equal prior test depends only on the projection onto v and has error ®(—h+/n/M\),
which is strictly larger than ¢ by the choice of h. This contradiction proves the first claim. For the consequence,
both ®~1(1—¢) and the upper § quantile of |G| for G ~ N(0, I;) equal v2L[1+Oy(log L/L)] in fixed dimension.
Since ||S1/2G|| < V|G|, the stated uniform comparison follows. O

There are two distinct sharpness statements in the paper. Proposition [G.I]shows that the final confidence radius
in Theorem [1|is first order unavoidable, already within the Gaussian location model. We now record the separate
fact that the leading coefficient 1/2 in the multivariate Chernoff divergence lower bound used by the construction
is itself exact, again within a Gaussian family. To see this, let uq,...,ug41 be the vertices of a centered regular
simplex in R, normalized so that ||u;|| = 1 and Zf;l u; = 0. For R > 0, take P; = N'(V/Ruj;, I;) for 1 <4 < d+1.
Each covariance scale equals one. For any center z,

2 1 2
m?xH\/Eui—zH sz"\/ﬁuz—zH =R+ ||z|*.

i=1
At z = 0, all squared distances equal R. Thus the optimal squared normalized radius is exactly R.

Let ¢; denote the Lebesgue density of P;, and fix § € Agyq. Write ug = ), Bju;. Completing the square gives

d+1
D5
i=1

Since ), #; = 1, integration of the Gaussian density therefore yields

v VEu| = Hx— \/E%HQ +R(1— Jlag)?).

d+1

[ e o =exp{ -5 0= 1) |

The corresponding Chernoff exponent is at most R/2, and the uniform weights attain this value because their

weighted mean is zero. Hence
R
C*(Pry..., Pip1) = bR
Thus the coefficient 1/2 in the leading term is optimal for a multivariate Chernoff divergence inequality with
a remainder of order R?. The regular simplex extends the equilateral triangle example from dimension two to

every dimension.

The sources of the dependence on the dimension can be isolated as follows. The relative entropy representation
in Lemma [2.1] is exact in every dimension. The quantitative remainder in the binary matrix mean estimates
and the propagation inequality depends on the number of distributions being combined and is independent of
the ambient dimension. Carathéodory’s theorem reduces that number to at most d + 1. Helly’s theorem then
uses intersections of at most d + 1 balls associated with accepted candidates to obtain the global intersection.
Separately, the likelihood calibration depends on the affine dimension of the matrix parameter space, which is

bounded by pg = W. These are the sources of the dimension dependence in the final constants.

H RELATIVE PERTURBATION OF THE MATRIX GEOMETRIC MEAN

This appendix proves the relative perturbation estimate used in the proof of Proposition [D.7] Each perturbation
is measured relative to its own positive definite baseline, which makes the constants uniform over ratios of
covariance scales.
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For a positive definite matrix Ag and a possibly complex matrix A of the same size, define erry,(A) =

HA& 1/ *(A— Ao)Ay 1/ 2” . This normalization removes the scale and condition number of Ay from the per-
op
turbation estimate.

Lemma H.1. Let Ay, By >~ 0, let 0 < 8 < 1, and suppose that

1
erry,(A) <e, errp,(B) <, 0<e< 3

The integral representation defines an analytic continuation of A#¢B to this complex neighborhood, and

eIT A, #, B, (A#0B) < T(e), T(e) =

The bound is independent of the matriz size, the baseline matrices, and 6.

Proof. We first record how relative error behaves under inversion. Write A = Aé/2(I + EA)A(l)/2 with ”EAHop <
€ < 1. The Neumann series gives

e

I+EB)™ =I=-Ba+Bi-Bi+--,  [U+B)" 1], < 7—

Since A=t = A; Y3 (I + E4)~14;?, we obtain

3

erer_l(Afl) < %

The same estimate holds for B~1.

Next, relative error bounds are preserved by positive sums. To verify this, suppose that X; ¢ > 0 and X; — X, =

X Jl 62E X; 1/ * with IlE;]| op < 7. For arbitrary conformable vectors u and v, the operator norm bound and Cauchy—
Schwarz glve

1/2 1/2

U*Z (X; — X 0| < UZ HX1/2 H H UQUH <n ZU*Xj,OU ZU*X]',O’U
J J J

The symbol * denotes conjugate transpose. After normalization by j X 0, this yields the relative-error bound
1. The same argument, with sums replaced by integrals, applies to positive weighted integrals whenever the
baseline integral is finite.

For each s > 0, put Q(s) = A~ +sB~! and Qqu(s) = Agl + sBo_l. The first inversion and the property for

positive sums give

5
< L

errQ, () (@(s)) < T

A second inversion therefore gives

errg,(s)-1(Qs) 1) < =T(e).

This estimate is uniform in s.

Finally, integrate against the positive weight cgs?~! in . The baseline integral is Ag#9 By, so the property
for positive integrals yields the stated bound.

All inverses above are well defined because their normalized perturbations have norm strictly less than one. On
any smaller closed complex neighborhood, the same estimates dominate the integrand by a constant multiple of
the integrable baseline. Thus the integral depends holomorphically on analytic matrix inputs and agrees with
the usual geometric mean for positive definite inputs. O
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I SECOND-ORDER EXPANSION FOR TWO MATRICES

This appendix verifies the block expansion used to obtain the recursion . The notation is that of Lemma
the analytic justification uses Lemma [H.1]

Proof of Lemma[D.3 Writing 7 for the integration variable in , block inversion gives

2
(A D=1+ (CA + ||ur|> w? + O(w?),
(A V), = —%u FOW?), (A Yae =r 4+ O(w?).

The formulas for B~! are obtained by replacing (ca,u,r) with (cg,v, s).

Let Q = A~ + 7B~1. Its upper-left inverse entry is the reciprocal of the Schur complement Q11 — Q1,Q; . Q1.
At order w?, the terms involving the mean vectors simplify as follows:

lull® | Tlol®  llu/r+To/s)* 7 2 2 T lu—of?
+ I - - (lul® = 2u,0) + foll*) = 222
r s 1/r+71/s s+rT s+rT
Consequently,
@ = e TH T o
T4 (14 7)2 s+rT )

The off-diagonal inverse formula (Q 1), = —Q,2 Q.1(Q71)11 gives

rT

@t = o (wt 2= ) + 00

We integrate these coefficients against c¢y7%~!dr. This coefficientwise integration is justified by Lemma in
Appendix [H} on a sufficiently small complex circle, the integrand is dominated by an integrable multiple of its
positive definite baseline. Cauchy’s coefficient formula then permits interchange of coefficient extraction and
integration.

The coefficients of ¢4 and ¢ follow from

[e's} 7071 [e’e) 7_9
——dr=1-6 ———dr =40.
/ i+m2" ’ / i+n2

For r < s, the coefficient determining the mean interpolation is

/°° rrf pl=0g0 _p gy
co ————dr = = =t
o (s+rm)(1+7) s—r s—r
The stated expression follows from the identities (err:% == (Hﬁ — H%) and cg fooo 9= (c+1)dT =
c?=1, where the second identity holds for any ¢ > 0.
Finally, the coefficient of |ju — v]|® is

o 0 6—t

co/ T dr = = U(r,s;t).
o (s+rm)(1+7)2 s—r

Indeed, multiplying the identity +17)2
value from the preceding two integrals.

~ GoHaT = Graror by co’ and integrating gives the claimed

These calculations establish the upper-left and off-diagonal expansions. At w = 0, the lower-right block is
r1=0s9 1, = ¢1,, which proves the remaining expansion. When r = s, all formulas follow by continuity, with § = ¢
and U(r,r;t) =t(1 —1t)/(2r). O
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J PROPERTIES OF THE AUXILIARY FUNCTIONAL

We retain the scale variables r, s from Section The defining pair (w,y) is determined by the moment con-
straints ; a logarithmic reparametrization is used only in the monotonicity argument.

J.1 A scalar representation of the auxiliary functional

For r < s and ||u|| < /7, the constraints give w = “HUVE 4ng y = =97 The identities (1 — x)w?+xs = r

Vatlull s—w?
and (1 — x)w — xv/s = ||u|| are immediate, and the variance identity for a two-point distribution gives
2
= Jull” = x(1 = x)(w + V)™ (42)

The boundary cases follow by continuity. If r = s, then w = /r and x = (1 — ||u|| /+/r)/2, which yields
directly from W(r,r;x) = x(1 — x)/(2r).

The functional is scale invariant:

®.s(cr,eu) = By (r,u), c>0. (43)
Indeed, the corresponding w is multiplied by /¢, x is unchanged, and ¥(cr,cs;t) = ¢ 1WU(r, s;t).
For the remaining assertions, scale invariance allows us to normalize » = 1 while retaining s > 1 as the upper

scale. Put p := |lul| € [0,1) and recall the normalized coefficient Q from (27); thus (s, p) = ®,(1,u)/(1 — p?).
Introduce the auxiliary scalar coordinates

1 1—p
o= log s, op = artanh(tanh(a) T p) , g(x) := xzcoth(2z), ¢(0):= —.

We now derive the representation used below. The definition of o, is equivalent to w = e 2% s = e where

w is the positive support point in . Since (1 — x)w? + xs = 1, the interpolation exponent a := ¥(w?, s;x)
satisfies
 log(1/w?) o, 1—w?

~ log(s/w?)  o+40, X= o

By [{#2), 1 — p? = x(1 — x)(w + v/5)?. Therefore the definition of ®, gives

CW(w?sx)  (a—x)(s —w?)
Ush) ="y ~ A1)

Using s = €% and w? = e~%9¢, the last expression becomes

Q(s, p) = 2(0"7:%) (coth(20) + coth(20,)) — % (coth(20) — 1).

Collecting the two coth terms yields the convenient form

Mam:;—%zgﬁj? (44)

J.2 Bounds and monotonicity

Proof of Lemma[D-4 1t is enough to consider s > 1 and 0 < p < 1; the boundary cases follow by continuity.
Differentiation gives

dg(z 2z 1 sinh(4z) — 2z S
sinh®(2z)  sinh®(2z)

Since 0 < 0, < o, formula implies Q(s, p) < 1/2.

= coth(2zx) —

8
~—

Set J(o,0,) = 90)=9(0p) g4 () =

0'+U,,

- %J. For fixed o,

1
2

01 _ (04055 +9(0) —glo) _
do, (0 +0,)? -
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As p increases, o, decreases, so J is nondecreasing and {2 is nonincreasing in p.

For fixed p, the identity tanh(o,) = % tanh(o) gives % = S;inn};fé?)).

A direct simplification yields

dJ(0,9,(0)) _ (9,5inh(20) — osinh(20,))(sinh(2(0 + 0,)) +2(0 +7p))
do (0 +0,)? sinh? (20) sinh(207,) > 0.

The last inequality follows because x — sinh(2z)/x is increasing on (0,00). Hence  is nonincreasing in o,
equivalently in s.

By and , returning to general r replaces the normalized upper scale by s/r. Hence s — ®4(r, u)
is nonincreasing for fixed (r,u). Nonnegativity follows directly from ¥ > 0, while Q(s,p) < 1/2 and scale
invariance give ®4(r,u) < %(1 — W) If p = 0, then 0, = 0, so gives Q(s,0) = 1/2 and therefore
®,(r,0) = 1/2. If p 1 1, the factor 1 — p? in tends to zero while 2 stays bounded by 1/2, giving ®4(r,u) =0
when ||u||* = r. Together with the equal-scale calculation above, all claims follow. O

We record two scalar facts used in the propagation proof. First, the endpoint value of the normalized coefficient
is

1 1
logs s—1’

Q(s, 1) := 1/)1{111 Qs, p) = s> 1. (45)

This follows from by setting o, = 0.

Second, the coefficient generated by a binary interpolation can be compared with 1/2 through the position of its
arithmetic mean relative to the geometric mean.

Lemma J.1. Let0<a<b,0<t <1, and £ = (1 —t)a+tb. Define Y(a,b;t) := Z\tp((la_’bt;)t). Then

Y(a,b;t) > — (> Vab,

|~

with equality at £ = \/ab; for a = b, one has Y(a,a;t) =1/2.

Proof. The equal-scale case is immediate. Suppose a < b and write a = Vabe ¢, b = Vabet, and ¢ = Vabe",
where £ > 0 and —¢ < k < £. Solving for ¢ and substituting into the definition of Y gives

a1 (k/€)sinh§ — sinh k
Y(a,b;t) = 5+ S(coshE — oo

The denominator is positive, while

(k/€)sinhé — sinhk = & <Sinh§ _ Sinhn)

13 K
has the sign of k because x +— sinhax/x is even and strictly increasing for > 0. Since xk > 0 is equivalent to
£ > +/ab, the claim follows. O

K PROOF OF THE COEFFICIENT PROPAGATION INEQUALITY

The argument has two steps. First, the angular dependence is reduced to the antiparallel configuration. In that
one-dimensional case, the two-point distribution determined by is preserved by the update, and the two
binary coefficients compose exactly.

Proof of Lemma[D.5 Set w = (1 —t)u + tv. The elementary variance identity
2 2 2 2
wl® = (1 =) lul” + tvf|” = t(1 =) [lu -2

gives ) ) )
= Jwl]” = (1 =) (r = [Jull") + (1 = 1) [lu = o]" = 0. (46)
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Hence ®,(¢, w) is well defined.

If r = s, then 9(r,r;t) =t and U(r,r;t) = t(1 —t)/(2r). By (29), the desired inequality is exactly divided
by 2r, so equality holds.

Assume r < s. By scale invariance , normalize r = 1 and retain s > 1 for the rescaled upper scale. Write
p = ||’LL|| S [0, ].] and q := ||w|| /\/Z, where

_log?

{=1—1t+ts, 0= .
log s

We first take p < 1; the endpoint p = 1 follows by continuity. By ([27), ®s(1,u) = (1—p*)Q(s, p). Moreover,
and ||w|?® = (¢? give
t1 =) u—ol* = €1 - ¢*) = (1= )(1 = p?).

Multiplying this identity by ¥(1,s;t)/(t(1 —t)) and using Y(1,s;t) = £¥(1,s;t)/(t(1 —t)) gives

U(1,s;t
(L5 ool = T(L s - ¢?) - 2 g2y
Adding (1 — 0)®,(1,u) and dividing by 1 — ¢ > 0 therefore yields
(1—0)®,(1,u) + ¥(1, 1) |u—v| 1—p? (1, s;t)
=T(1,s; 1—0)Q(s, p) — —22 4
1_q2 (7S7t)+1_q2 ( 9) (8,p) t (7)

The bracket is nonnegative. Indeed, (s, p) is nonincreasing in p, so yields Q(s, p) > loés — 8%1 It therefore
W(1,s5t) 1 1 : _ _ : 1 1 1 1
t(l—sa) = Togs T e_1- Wlthy = t(S—l), so that £ = 1+y, this becomes m—a Z Tog s ~e_1-

The function on the left is decreasing on (0, c0), since

suffices to show

4 (1 _ 1) _ 1 ! <0
dy \log(1+y) y/ ¥ (1+ylog’l+y)
The last inequality is equivalent to log(1+y) < y/+/1 + y, which follows after writing 14y = €27 from < sinh 7.

For fixed s, p,t, the right-hand side of is nondecreasing in g, whereas Q(s/¢, ¢) is nonincreasing in g. Thus
the most restrictive orientation minimizes ||w||. By the reverse triangle inequality, it is enough to consider the
antiparallel orientation. When p > 0, write & = u/p; when p = 0, choose any unit vector u. Thus we may take

w=pl,  v=—vsa, il =1

Let w € (0,1] and x € [0,1) be the parameters determined by for (r,s,u) = (1, s, pu). Then

(1 —x)w? 4+ xs = 1, (1—x)w—xVs=np, (48)
and
Bo(1u) = W(w?, 5 0) (@ + V5)2. (49)
After the update, the weight at the endpoint —/s is x := (1 — t)x + t. Consequently,
Q—?+xs=6 (1= 0w—xvs = (1—t)p—t/s. (50)
To identify the accumulated coefficient, set o := ¥(w?,s;%) and @ = ¥(w?, s;X). Because 1 = w?#,5 and

1—a)(1-6)

¢ = 1#ys, expanding the scalar powers gives £ = (w?)( so(1=0)+0 — w2#(1_9)a+gs. Uniqueness of the

exponent in the scalar geometric mean therefore gives
a=(1-60a+6.
The two relations in also imply

s—1=(1-)(s-w”), p+vVa=(1-)(w+3).
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Hence, from the definition of ¥,

(1,50 + V)R = Lm0y e

S —w

The first coeflicient contributes

(1= 0w 50w +va)? = L2000 0 e

s—w
Adding the last two displays, the numerator is
(1=0)la=x)+O-)(1-x)=a-x
because y = (1 —t)x +t and @ = (1 — 0)ar + 6. We have therefore proved the exact composition identity
(1= 0)T(W?, s x)(w +Vs)” + U(L,58)(p+V5)* = U(w?, 53 X) (w + Vs)% (51)
By , the left-hand side is exactly the left-hand side of in the antiparallel configuration.
It remains to compare the right-hand side of with ®,(¢, w). From (50),
0= (1= tp—t/5)" = (1 - V(W + V). (52)

If ¢ < wy/s, then the signed mean in (50) is positive, and that system is exactly the representation defining
O, (¢, w). Hence (51)) gives equality in (30)).

If £ > wy/s, Lemma and imply
2
(- ((1-1p-1v5)

V(w53 X) (w + V5)? 2

20
By Lemma [D.4]
2
L Tl e (- 1p 1)
P <-|1- = .
s(bw) <5 < ¢ 2
Thus also holds in this case, and the proof is complete. O

L COMPUTATIONAL ANALYSIS OF THE ESTIMATOR

The computational analysis has four components: threshold computation, reduction to scalar covariance bounds,
a polynomial characterization of rejection, and optimization over the resulting intersection. The analysis below
also establishes measurability and the statistical guarantee. Appendix [M]derives the computational cost of these
components.

L.1 Reduction to scalar covariance bounds

Given ¢ > 1 and ¢ > 0, accept (m, V) when £,(m,V) <loge, and attach the ball

B 7L,

The exact statistical threshold corresponds to ¢ = exp(Ty) and ¢ = k4(Tq/n). The thresholds constructed below
satisfy the same conditions used in the statistical proof.

Lemma L.1 (Isotropic reduction). If (m, V') is accepted and v = ||V, then (m,vly) is accepted and gives the
same ball. If the observations are not all identical, the full intersection equals

K(e,¢):== () B(m, /(o). (53)
meR?, v>0
Ly (m,wlg)<logc

If all observations equal x, the original intersection, including candidates with V- = 0, is {x} whenever it is
nonempty.
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Proof. Since V' < vly, every distribution in M(m, V') also belongs to M(m,vly). For v > 0, the latter moment
class has no affine support restriction; for v = 0, the two classes are identical. The relative entropy representation
in Lemma [2.1] consequently gives

Lp(m,vly) < L,(m,V).

Replacing V' by vl preserves both the center and radius of the associated ball. Since the original family already
includes every isotropic candidate, restricting to these candidates leaves the intersection unchanged.

When V = 0, the only distribution in M(m, V) is the point mass at m, and Dkp,(P,||6m) is finite only when

Xy = -+ = X,, = m. Hence a zero-covariance candidate is accepted precisely when all observations equal
its center. If their common value is z, then (x,0) is accepted with statistic zero and its ball is {z}. The full
intersection is therefore contained in {x} and equals this singleton whenever it is nonempty. O

For the remaining construction, assume that the observations are not all equal. For the parameters used in
Algorithm [l ( = k4(s), and Lemma gives K(c, () = C(loge,s). The candidates are (m,v) € R? x (0, 0).
The isotropic reduction concerns the candidate covariance bound; the underlying distribution remains arbitrary.

L.2 Polynomial characterization of rejection

1 1 mT
Wi = (Xi)’ S(m,v) = (m mm?T + vId> '

For v > 0, this matrix is positive definite: for t € R and v € R?,

For the fixed sample, put

() 0m o) (1) = (¢ mT 0 4ol

which is positive unless (¢,u) = 0.

Lemma L.2 (Likelihood representation). For v > 0,

noT
[ v, Hw;

exp{L,(m,vl;)} = max —*=——"——. 54
XDLLnlm, va)} = oS T Sm,v))] >4

tr H=1

Consequently, acceptance at threshold logc is equivalent to
szTsz < c[tr(HS(m,v))}n (55)

i=1

for every positive semidefinite H with trace one.

Proof. The standardized vectors in are y; = Jw;, where

Je < 1 0 ) .
—m/\v Ia/\v
Since J is invertible, the change of variables H = J T AJ, with inverse A = J~ T HJ ™!, gives
Ar»0 < H=0, v Ay = v Hw;, tr A = tr(HS(m,v)).
The trace identity follows from J~'J~T = S(m,v). Thus {4 = 0 : trA = 1} corresponds bijectively to

{H > 0:tr(HS(m,v)) = 1}. Exponentiating the sum of logarithms in the statistic gives

exp{Ln,(m,vly)} = max Hw;erl
tr(HS(m,v))=1%=1

The identity remains valid when some factors vanish, under the convention log0 = —oc. The product is contin-
uous on the compact feasible set, and a positive product is available from a positive definite A.
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For any nonzero H > 0, positivity of S(m,v) gives tr(HS(m,v)) > 0. Dividing H by this trace imposes the
displayed normalization. The resulting ratio is unchanged by multiplying H by any positive scalar, since numer-
ator and denominator both have degree n in H. The ratio can therefore be maximized under the normalization
tr H = 1, which gives . Its positive denominator can be cleared without changing the inequality, which

proves . O

Put pg = (d+ 1)(d 4+ 2)/2. For 6 € RP<, define Ly by placing its coordinates in the lower triangular entries of
a (d+1) x (d + 1) matrix, ordered row by row. Set Hy = LyL, . Every positive semidefinite matrix has such a
factorization, including singular matrices. We allow arbitrary diagonal entries in Ly, and tr Hy = ||0 ||2

Put D(m,v,0) = tr(HypS(m,v)) and define

P.(m,v,0) = Hw;ngi —cD(m,v,0)". (56)

i=1
For fixed ¢ and a fixed sample, P.(m,v,0) is a polynomial in (m,v,d). By Lemma for v > 0,
Ln(m,vly) >loge <= 3 eRP: ||0)°=1 A P.(m,v,0) > 0. (57)

Indeed, a matrix with trace one that violates admits the representation Hy with H9||2 = 1. Conversely, any
such 6 gives a positive semidefinite matrix with trace one that violates the acceptance inequality. The strict
inequality preserves acceptance at the threshold.

All conditions in are polynomial. To check the degree, partition
_(h11 AT
Hy = ( h  Hy)’

Then D = hy1 +2h"m+m T Hyym+vtr Hy,. Each entry of Hy is quadratic in 6, so D has total degree at most
four in (m,v, ). The product []}_, w,” How; has degree 2n, and P, has degree at most 4n.

L.3 Intersection and norm minimization

A proposed estimate z belongs to K(c,() if and only if every candidate with v > 0 whose ball excludes z is
rejected. By , this is the quantified polynomial condition

z€K(c,() <= V(m,v)cRI:

9 9 (58)
[v>0 A lz—m|" > =30RP: ||0]°=1 A P(m,v,0) > 0.

The strict inequality in the rejection condition ensures that candidates at the acceptance threshold remain
accepted.

Formula has d free variables, a universally quantified block of d + 1 candidate variables, and an existential
block of py witness variables after conversion to prenex form. It contains four polynomial comparisons of degree
at most 4n. Quantifier elimination produces a quantifier-free formula ¢(z) involving only polynomial comparisons
in z and satisfying {z € R?: ¢(2)} = K(c, ().

For fixed d, standard quantifier elimination produces a quantifier-free description of (¢, ¢) in polynomial time;
Appendix [M] gives the detailed complexity bound. When the intersection is nonempty, compact, and convex,
the squared norm attains its minimum by compactness, and strict convexity makes the minimizer unique. The
same appendix gives a semialgebraic procedure that computes this point in polynomial time.

Lemma L.3 (Error bound for selected points). Suppose that the full intersection of balls associated with accepted
candidates at threshold logc and radius coefficient ¢ is nonempty. If (u,X) is accepted, every point z of that

intersection satisfies
HZ - /’LH < \/ C ||Z||op'

Proof. The ball associated with (i, X)) is one of the balls in the intersection. Every selected point must belong to
it. Lemma, identifies this intersection with for a nonconstant sample, and identifies it with the common
observation when all observations coincide. O
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L.4 Threshold selection

Let 6 € (0,1), and take the positive integer a4 from Lemma Let 5 := min{m > 1 : 2™ < §} and
rg ;= min{m > 0: 2™ > {5}, with both minima over integers, and put hs = €5 + aqrs and ¢ = 2hs . Successive
halving and doubling find these integers using arithmetic operations and comparisons. For analysis only, put
L =log(1/d) and Ts = log ¢ = hslog2. Minimality gives

L </s5log2 < L +log2, log 5 < rslog2 < log{s + log 2.

For L > e, s > L/log2 > L. Hence there is a constant ¢; < oo, depending only on d, such that Ty < Ty <
T; + €4. The maximal inequality therefore gives P{L,, (i1, %) > Ts} < 6. The acceptance test itself uses ¢ = 2/s;
Ts = hslog2 is needed only to verify the statistical threshold.

To compute the radius coefficient, put Sy = 25 M (2r + 1)32" 1~ and Ey = 3'72M /4. Take the least
M > 1 with hsEp < 1, and set Ts = hs(Sa + Enr), so that Ty < Ts <Ts+1 Appendixproves these
inequalities from the series for log 2 and its remainder bound. Define s5 = T's/n and { = k4(ss5) = 255(1416bgs5).

This is the pair (Ts, s5) fixed in Section

By Lemma every accepted candidate admits a distribution P in its moment class satisfying Dk, (ﬁnHP) <
Ts/n < ss5. The deterministic intersection proof in Section therefore applies when s; < s¢ :=
min{(64b,) "1, [4096(d + 1)?]7'}. Since Ty < Ts < Ty + €4 + 1, choosing Ly sufficiently large and cq suffi-
ciently small ensures this condition throughout the statistical regime. On the event that (u,X) is accepted,

Lemma gives the radius , /(||X|[,,. The comparison in Section {4.1| then yields

Vel < {1+cd (loiL +i>} Q‘;(ﬁz).

L.5 Measurability and complexity

Algorithm is defined for every sample and every ¢ € (0,1). After handling constant samples and computing
s = s5 = T'5/n, it returns the empirical mean when s > sg. When s < s, the deterministic proof guarantees a
nonempty compact intersection, so the point of minimum norm is well defined. In the range of Theorem [1| the
constants are chosen so that s < sg, and the algorithm therefore uses the intersection selector analyzed above.

Proposition L.4 (Statistical and computational guarantees). Fiz d. Algom'thm defines a Borel estimator ﬁ;d%

for every sample X1, ..., X,, € R? and every 6 € (0,1). There are constants Cq, Ly, cq depending only on d such
that, if L > Lq and L/n < cq, then for every Borel distribution with mean p and finite covariance ¥,

~(d) logL L 9s5(%)
P [ - ] > [1+.ca (EE 4 2)] 22 <o

Algorz'thm computes this estimator in time (n + £5)°@) . In the regime above, {5 = O(n), so the running time

is @),

Proof. The threshold calculation gives Ts > Ty, Ts > Ts, and Ts < Ty + €4 + 1. The constants may therefore be
chosen so that s < sp in the stated regime. Section [.1] supplies nonemptiness, compactness, uniqueness of the
selector, and the Gaussian comparison. The acceptance and radius bounds above prove the statistical bound. If
> =0, all observations equal p almost surely, so the algorithm returns p.

For fixed n,d,d, the coefficients ¢, ( are constant, and polynomial formulas describe the graph of the selected
point in the sample and estimator coordinates. This graph is semialgebraic, so the selected point is a Borel
function of the sample. The cases in which the algorithm returns the common observation or the empirical mean
also define Borel functions on Borel subsets of the input space. As ¢ varies, each value of /5 determines a dyadic
interval on which rs, hs, M, ¢, Ts,( are constant. These countably many intervals are Borel, which proves joint
Borel measurability in the sample and confidence input.

The complexity analysis begins with threshold computation. Since rs = O(log(¢s +1)) and M = O(log(hs + 1)),
this step has cost polynomial in £5. If s > sg, only computation of the empirical mean remains. Otherwise, the
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algorithm constructs a polynomial in pg+d+1 = (d+ 1)(d + 4)/2 variables with degree at most 4n. Quantifier
elimination then produces a quantifier-free formula defining the intersection in n©(#(d+1Pa) arithmetic operations
and comparisons. Minimizing the squared norm over this set requires semialgebraic optimization in d variables,
giving total cost (n + £5)O(@ (d+1pa) — (n 4 ¢5)0(@") " In the theorem’s regime, £s = O(L + 1) = O(n), so the
bound reduces to nO(@"). Appendix [M] derives these complexity bounds. O

M THRESHOLD COMPUTATION AND COMPLEXITY BOUNDS

M.1 Threshold computation

The procedure initializes s = 1 and ¢ = 1/2, then halves ¢ and increments 5 until ¢ < 4. Starting from rs = 0
and p = 1, it doubles p and increments 75 until p > ¢5. The resulting integers satisfy the minimality conditions
in Section It then computes hs = {5 + aqrs and obtains ¢ = 2" by repeated doubling or repeated squaring.
The comparisons remain exact when § is a dyadic endpoint.

The series identity
> 1
10g2 = 2; (2T + 1)32r+1

follows by integrating the geometric series for 2/(1 — t2) from zero to 1/3. Its tail after M terms obeys

e 3172M
0<log2— Sy <2 Z 3—@r+1) — ———=Eu.
r=M

Thus hsEn < 1 gives hslog2 < Ty = hs(Syv + En) < hslog2 + 1. The procedure updates the powers in the
series and remainder by multiplying by 1/9. It reaches hsEy; < 1 after M = O(log(hs + 1)) terms.

Threshold computation requires O(¢s) halving steps, O(log(¢s 4+ 1)) doubling steps, and M = O(log(hs + 1))
series terms. In the theorem’s regime, £5 = O(n) and hs = O(n), so this cost is polynomial in n. The threshold
is computed using arithmetic operations and comparisons; logarithms enter the bounds used to analyze it.

M.2 Polynomial construction and optimization

For fixed d, the polynomial P.(m,v,0) in has vy = pg+d+1=(d+1)(d+ 4)/2 variables and total degree
at most 4n. Its dense representation has at most (4":;”) = nO@) coefficients for n > 2, and multiplying the
n quadratic factors w;r Hyw; together with the n copies of D constructs these coefficients in polynomially many

arithmetic operations.

We count exact arithmetic operations and comparisons in the ordered field generated by the sample coordinates,
the confidence input, and the threshold coefficients, with unit cost per operation. The output is represented by
a standard real univariate representation, consisting of a univariate polynomial, a Thom encoding of one real
root, and rational functions of that root for the coordinates [3, Chapters 12-13].

Formula contains four polynomial comparisons of degree at most 4n, with d free variables and quantified
blocks of sizes d + 1 and py. For fixed d, the quantifier elimination bound of Basu et al. [3, Theorem 14.16]
therefore gives a quantifier-free formula ¢(z) defining K(¢, ) using nO@") arithmetic operations and comparisons.

The length of this formula is no(d4), and the degrees of its polynomials are nOw@),

For the optimization step, introduce a scalar p and eliminate z from the condition ©(p) <= 3z € R : ¢(2) A
2 . . . . . A . 0(d®) . .
Iz|I” < p. Since d is fixed, a second application of quantifier elimination has cost n . Because the intersection

is nonempty and compact, the feasible set of p is [p*, 00), where p* = min.) (Bl

Univariate sign determination and root ordering compute p* and a Thom encoding of this algebraic number [3]
Chapter 10]. Adding the constraint ||z||*> = p* to ¢(z) leaves the singleton consisting of the unique point of
minimum norm. Standard semialgebraic sampling then computes a real univariate representation of this point [3]
Chapter 13], again within nO@) operations for fixed d. Including threshold computation and construction of
P, the total cost is (n + £5)°(@") and hence n°(@") in the regime of Theorem
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